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Abstract 

In |T2| , we explicitly compute the stable reduction of the Lubin-Tate space X(n 2 ), 
in the equal characteristic case. This paper is a continuation of T2]. In this paper, 
we compute defining equations of irreducible components which appear in the Lubin- 
Tate space X(tv 2 ) in the mixed characteristic case. We also determine the action of GL2, 
the action of the central division algebra of invariant 1/2 and the inertia action on the 
components in the stable reduction of X(ir 2 ). As a result, in a sense, we observe that 
the local Jacquet-Langlands correspondence and the local Langlands correspondence for 
cuspidal representations of GL2(-F) of level 1 or 1/2 are realized in the cohomology of the 
Lubin-Tate space X(ir 2 ). 



1 Introduction 

Let F be a non-archimedean local field with ring of integers Op, uniformizer it and residue 
field k of characteristic p > 0. Let \k\ = q. We fix an algebraic closure F ac of F. Its completion 
is denoted by C. We write k ac for the residue field of C. Let v(-) denote the valuation of C 
normalized such that v(tt) — 1. Let F nT denote the maximal unramihed extension of F in F ac 
and Fq denote its completion. Let X denote the unique, up to isomorphism, one-dimensional 
formal O^-module of height h over fc ac . Then, the Lubin-Tate space X(ir n )/Fo of level n and 
height h means a generic hber of a formal scheme, which is a deformation space of X equipped 
with Drinfeld level 7r n -structure. Then, the space X(ir n ) is a rigid analytic variety of dimension 
h— 1 over Fq. In the remainder of this introduction, we assume p ^ 2 and h = 2. The existence 
of the stable model of a curve with genus greater than 1 is guaranteed by the work of Deligne- 
Mumford in [DM] . In |W3j . Jared Weinstein determines irreducible components in the stable 
reduction of X(ir n ) up to purely inseparable map, when F = Q p and char F = p > 0, by using 
the Deligne-Carayol theorem for GL2 and the Bushnell-Kutzko type theory. See also a series 
of papers [W]-[W3]. 

In this paper, we compute irreducible components in the stable reduction of X(n 2 ) explicitly 
for any F, by using blow-up. The stable reduction of X(n 2 ) has actions of := GL 2 (Of/tt 2 ), 
the central division algebra of invariant 1/2 and the inertia group Ip. Then, we analyze 
etale cohomologies of the components in the stable reduction of X(ir 2 ) as a G% x x Ip- 
representation. As a result, in a sense, we observe that the local Jacquet-Langlands correspon- 
dence and the local Langlands correspondence for cuspidal representations of GL 2 (F) of level 1 



1 



or 1/2 are realized in the cohomology of the Lubin-Tate space X(ir 2 ). These are done without 
depending on Deligne-Carayol's theorem for GL2. Rather, to check Deligne-Carayol's theorem 
for GL2 purely locally in a lower level is our aim in this paper. In |T2j . in a case char F = p > 0, 
we completely compute the stable reduction of X(ir 2 ) explicitly. This paper is a sequence of 
loc. cit. Similar computations of the stable models are found in |CMj . |CW| . [E] , |E2j and [T] , 
In particular, in [CMj . very significant and stimulus developments are done to compute the 
stable model of a curve. See also |DR) and |KM) . We write X(w 2 ) for the stable reduction of 

We define several subspaces Y 3i i !>f , Y 2>2 and Zi^* with * e P 1 (F g ) of X(tt 2 ), and compute 
their reduction in the mixed characteristic case, in section [31 We identify X(l) with an open 
unit ball B(l) 3 u appropriately. Then, under the natural projection X(ir 2 ) — > X(l) ~ B(l), 
the subspaces IXeP 1 ^ ) Y3 ) i,*,Y2 l 2 and U*gp 1 (f 9 ) in X(ir 2 ) are over the loci v(u) = 

l/(q + 1), v(u) > q/(q + 1) and v(u) — 1/2 respectively. To compute their reduction, we 
choose some simple model of the universal formal Op-module over Spf Op [[«]], which is given 
in |GH| . See subsection 12.41 for more details on this model. It is well-known that the set 
7r (A'(7r™)c) of geometrically connected components of X(it n ) is identified with (Op/tt'' 1 ) x . 
Furthermore, all geometrically connected components are defined over the classical Lubin-Tate 
extension F n /F$. See subsection 12.51 for the definition of F n . Now, we fix an identification 
tto(X (ir n )) — (Of /^ n ) x appropriately. See Theorem 12.51 for the identification. We choose 
one connected component X 1 (tt 2 ) C X(tt 2 ) Xp„ F% with i £ (Of /tt 2 )* ■ Let i be the image of 
i by the canonical map (Of/tt 2 ) x — > k x . For a subspace W C X(tt 2 ), we write W % for the 
intersection (W Xp F2) D X l (ir 2 ). For an affine curve X over fc ac , we write X c for the smooth 
compactification of the normalization of X. The genus of X means the genus of X c . Then, for 
each * e P 1 (F g ), the reduction Y3 l # is defined by x q y — xy q = 1 with genus q(q — l)/2 and 
Y31 * appears in X(ir 2 ). On the other hand, for each * 6 P 1 (F (J ), the reduction Z\ l t is defined 
by Z q = Xi - 1 + X-ti with genus 0. This curve has singularities at X € ^(q 2 -!)- Then, 
by analyzing these singular points, we find 2(q 2 — 1) components {Wl'^}^^^^. having an 
affine model a q — a = s 2 with genus (q — l)/2. Then, the components {Z* := *}*epi(F 9 ) 
appear in X(tt 2 ). In X(ir 2 ), the components {W^lce^ 2_ 1} attach to at distinct 2(q 2 — 1) 

points of Z„ over the singular points of Zj x Furthermore, the reduction Y2 2 is defined by 
the following equations 

x q y — xy g = i, Z q = x q y — xy q . 
This affine curve has singularities at 

5S := {(x ,y ,Z ) G Y 2j2 (fc ac ) | x^ 1 = yf' 1 = -1}. 

We have |<Sq | = |SL 2 (F g )| = q(q 2 — 1). By analyzing these singular points, we find q(q 2 — 1) 
components {Xj' c }j & s% , each having an affine model X q + X = Y q+1 with genus q(q — l)/2. 

Then, in X(ir 2 ), Y 2 2 appears and {Xj' c }j eS i o attach to Y^'^ at distinct q(q 2 — 1) points above 
the points 5q - 

In section by using the explicit computation of components in X(?t 2 ) explained above, 
we also determine the (right) action of X O f x Ip on the components explicitly. To determine 
the action of O^ , we use the description of the action of Op on the Lubin-Tate space in [GH . 
See l2.6l for more details. Let <p denote a prime element of D, and Up C O^ a subgroup l + (ip n ). 
Then, the group Op acts on the stable reduction X(ir 2 ) by factoring through the finite quotient 
O3 := Op/Up. On the other hand, we compute the inertia action on the basis of |CM2j . 

Let I ^ p be a prime number. In section we analyze the following etale cohomologies, by 
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using the explicit description of the action of G := x 0£ x Ip, 

W:= H\X)' c ,Qi), W := H\Wi% M{) 

te(o F /^)x jesi (»,*,yo)e(o F /7 r 2)x xP i (Fq)XAl2(<j2 _ i) 

as G-representations. Since the dual graph of the stable reduction X(n n ) is a tree, the spaces 
W and W' are G-subrepresentations of the etale cohomology H 1 (X(tv 2 )c, Qi)- Note that the 
group G acts on H 1 (X(ir 2 )c, Qf) on the left. By investigating W (resp. W) as in Corollary 
17.41 (resp. Corollary 17. 9|) as a G-representation, we show that the local Jacquet-Langlands 
correspondence and the ^-adic local Langlands correspondence for unramified (resp. ramified) 
cuspidal representations of GL2(F) of level 1 (resp. level 1/2) are realized in the cohomology 
group W. (resp. W'.) To check these things, we heavily depend on [BHj . See 17.31 for more 
details. This is a part of Carayol's program in |Caj . See also |Bo) and [HTj . For general h, T. 
Yoshida computes the stable model of X{it) and studies its cohomology in [Y] . 

In a subsequent paper [IMTj . we will investigate a relationship between W and the coho- 
mology H 2 of some Lusztig surface for G|". The third author thanks Professor T. Saito for 
helpful comments. He also thanks to N. Imai for very fruitful discussions around topics in this 
paper. 

Notation . We fix some notations in this paper. Let Fbea non-archimcdcan local field with the 
ring of integers Of, the uniformizer it and the residue field k = ¥ q of characteristic p > 0. We 
fix an algebraic closure F ac of F. The completion of F ac is denoted by C. We write Oc for the 
ring of integers of C. We write fc ac for the residue field of C. For an element a £ Oc, we denote 
by a the image of a by the reduction map Oc —t k ac . Let v(-) denote the normalized valuation 
of C such that v(n) = 1 and | • | the absolute value given by |jc| = p~ v ( x \ Let F nr denote the 
maximal unramified extension of F in F ac and Fq denote its completion. Let E/F denote the 
quadratic unramified extension. Let 1Z = |C*| = p®. We let L be a complete subfield of C. For 
r £ 1Z, we let £?lH and Bl{t) denote the closed and open disks over L of radius r around 0, 
i.e. the rigid spaces over L whose C-valued points are {ieC: |x| < r} and {x £ C : \x\ < r} 
respectively. If r, s £ 1Z and r < s, let Al[t, s] and At{r, s) be the rigid spaces over L whose 
C-valued points are {x £ C : r < \x\ < s} and {x £ C : r < \x\ < s}, which we call a closed 
annulus and an open annulus respectively. Furthermore, we write Ci[r] for Al [r,r], which we 
call a circle. We simply write for GL2(C 'f / V) . Let D be an _F-algebra which is a division 
algebra, with center F and dimension 4. Let On be the ring of integers of D and ip a prime 
element of D such that ip 2 — ir. We set Up := 1 + (</?") C D x . The group Up is a compact open 
normal subgroup of D x . We put £>* := Op/Up. Let N?d D /F : D x — >• F x be the reduced norm 
map, and Trdo/F '■ D — ^ F the reduced trace map. For an element x £ (Of/ , x 2 ) x , we write 
x — ciq + a\-K with ao £ n q -i(Op) and a\ £ n g -i(Op) U {0}. Then, we identify (Of/it 2 ) x with 
x F q by the following map x = ao + a\-K t-> (a , |^). Let Wf denote the Weil group of F and 
If C Wf denote the inertia subgroup. For a prime number I ^ p and a finite abelian group A, 
we set A v := Hom(A, Q ; X ). If we have v(f — g) > a with a £ Q>o, we write f = g (mod a+). 
For an affine curve X/k 3,0 , the genus of X means the genus of the smooth compactification X c 
of the normalization of X. 



2 Preliminaries from [W2], [W3] and [GH] 



In this section, we collect several things and facts around the Lubin-Tate space X(n n ), for 
example, formal Op-module, good model of the universal 0^-module F unlv , a set of geomet- 
rically connected components of X(ir n ), the definition of the action of O^ on X(iv n ) etc. from 
|W2j . |W3j and |GH] . Furthermore, we define several subspaces in X(ir 2 ), whose reduction will 
be computed in the proceeding section. 
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2.1 definition of formal modules 



We begin with the definition of formal Op -modules. 

Definition 2.1. Let R be a commutative Op-algebra, with structure map i : Op — > R- A 
formal one-dimensional Op-module J 7 is a power series F(X, Y) = X+Y+- ■ ■ e i?[[A, Y]] which 
is commutative, associative, admits as an identity, together with a power series [a]^(X) G 
R[[X}} for each a e O f satisfying [a] T {X) = i{a)X mod X 2 and F([a]jr(X),[a]^(Y)) = 
[aM?(X,Y)). 

The addition law on a formal Op-module J 7 will usually be written X +p Y. If R is a 
/c-algebra, we either have [7t]jf(X) = or else [7r]jr(X) = f{X q ) for some power series f(X) 
with /'(0) ^ 0. In the latter case, we say J- has height h over R. Let S be a one-dimensional 
formal O^-modulc over k ac of height h. The formal Op-module E is unique up to isomorphism. 
Furthermore, a model for £ is given by the simple rules when char F > 

x+vY = x + y, [(h(x) = cx (cefc), [Tih(X) = x" h . 

The functor of deformations of £ to complete local Noetherian Op -algebra is reresentable 
by a universal deformation J rmxiv over an algebra .4.(1) which is isomorphic to the power series 
ring Of [[ui, .., in (/i — 1) variables, cf [Drj . That is, if A is a complete local Op -algebra 

with maximal ideal P, then, the isomorphism classes of deformations of £ to A are given exactly 
by specializing each Ui to an element of P in J 7umv . 

2.2 Moduli of deformations with level structure 

Let A be a complete local Op-algebra with maximal ideal M, and let J 7 be a one-dimensional 
Op-module over A, and let h > 1 be the height of T ® (A/M). 

Definition 2.2. Let n > 1. A Drinfeld level 7r ra -structure on T is an Op-module homomorphism 

4> : ^-'"Of/OfT — ► M 

for which the relation 

[] (A-^x)) | [ttMA) 
xe(TT- 1 o F /OF) h 

holds in If <f> is a Drinfeld level 7r"-structure, the image of of the standard basis 

elements (%~ n , 0, .., 0), . . . , (0, 0, ..,7r _n ) of (^"Of/Of)' 1 form a Drinfeld basis of F[ir n }. 

Fix a formal Op-module £ of height h over fc ac . Let A be a noetherian local Of -algebra 
such that the structure morphism Op n — > A induces an isomorphism between residue fields. 
A deformation of £ with level 7r"-structure over A is a triple (J 7 , r), 4>) where J 7 is a formal 
Op-module over A, n : £ ^> J 7 ® fc ac is an isomorphim of Op-modules over /c ac and <f> is a 
Drinfeld level 7r™-structure on J 7 . 

Proposition 2.3. (JDrf ) The functor which assigns to each A as above the set of deformations 
of E with Drinfeld level 7r" -structure over A is represented by a regular local ring A(ir n ) of 
relative dimension h — 1 over Op . Let x[ n \...,xj^ be the corresponding Drinfeld basis for 
_F umv [7r ra ]. Then, these elements form a set of regular parameters for A(ir n ). 
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There is a finite injection of 0p o -algebras [ir] u : A(% n ) „4(7r n+1 ) corresponding to the 
obvious degeneration map of functors. We therefore may consider A(n n ) as a subalgebra of 
A{-K n+1 ), with the equation [^] u {x\ n) ) = X [ ™ +1) holding in A(n n+1 ). Let X{n n ) = Spf A(n n ), 
so that X(TT n ) — > Spf Of q is formally smooth of relative dimension h — 1. Let X{ir n ) be the 
generic fiber of X(-K n ). Then, X(ir n ) is a rigid analytic variety of dimension h — 1 over Fo. We 
call X(ir n ) the Lubin-Tate space of level n. The coordinates xj n ' are then analytic functions 
on X{-K n ) with values in the open unit disc. We have that X(l) is the rigid analytic open unit 
polydisc of dimension h—1. The group GLh{0 f / n n O f) acts on the right on X(ir n ) and on the 
left on A(tt"). The degeneration map X{n n ) — > X(l) is Galois with group GL h {0 F /-K n O F ). 
For an element M £ GL h{0 f I ^ n O f) and an analytic function / on X(n n ) : we write M(f) 
for the translated function z i-> f(zM). When / happens to be one of the parameters x[ n \ 
there is a natural definition of M{x[ n) ) when M £ M h (0 F /n n O F ) is an arbitrary matrix: if 
A/ = (ay), then 

2.3 The universal deformation in the equal characteristic case 

We briefly recall a simple model of F unW given in (W2| 2.2], jWlj 3.8] and in [St2l Proposition 
5.1.1]. Assume char F = p > 0, so that i* 1 = fc((i")) is the field of Laurent series over k in one 
variable, with the ring of integers Of = k[[iv]]. 

The universal deformation P"" v of £ has a simple model over A(l) ~ 0p o •■, «/i-i]] : 

x +^u„,v y = x + y 
[C}^(x) = CX : (ek 

[vr]^ u „,v (X) =irX + Ul X q + ■■■+ u h - 1 X qh ~ 1 + X qh . (2.1) 
In particular, we have the following, in the case h = 2, 

[7r]^u„,v (X) = X q2 + uX q + irX (2.2) 

over X(l) ~ Spf Fo [[u]]. 

2.4 The universal deformation in the mixed characteristic case 

From now on, we assume h — 2. In this subsection, we fix an identification X(l) ~ Spf Cf [M] 
over which the universal formal 0^-module J^ umv has a simple form ("Op-typical") in the 
mixed characteristic case. 

Let J 7 be a formal 0^-module of dimension 1 over an Op-algebra R. Let w be an invariant 
differential on T . See |GH] [section 3] for more details. We assume that R is flat over Of- 
Then, a logarithm of T means a unique isomorphism T — >• G a over iZ ® F with df = w. In the 
following, we consider a logarithm / which has the following form 

f(X) =X + Y, b k X q " 

k>l 

with bk £ R® F. By |GH[ (5.3) and (12.3)], the universal logarithm f(X) over Op[[ji]] satisfies 
the following Hazewinkel's "functional equation" in }Hazl 21.5] 

f(X)=X + l^l + l^l. (2.3) 

7T 7T 
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If we write f(X) — J2k>o bkX q G F[[u, X]}, the coefficients {&fe}fe>o satisfy the following 

b = 1, nb k = b J v t-j 

0<j<fc-l 

where v\ = u, V2 — 1 , Vk — (k > 3). For example, we have the followings 
&o = 1, &l = -, & 2 = - 1 + , b 3 = — (u + u q 

TT TT \ TV J TT Z \ 

1 ( U 9+l +M 9 3 + l +U 9 2 (9+l) u (9+l)(9 2 + l)\ 

h = — 1 + + j 2.4 

TT \ TT TT Z J 

By |GH[ Proposition 5.7] or |Haz[ 21.5], if we set as follows 

F^(X,Y) :^r 1 {f(X) + f{Y)) (2.5) 

[a]^(X):=f- 1 (af(X)) (2.6) 

for a G Of, it is known that these power series have coefficients in Op [[it]] and define the 
universal formal Op-module J rumv over Op [[it]] with logarithm f(X). In the following, we 
simply write [o]„ for [a]^„„iv and X + u Y for F univ {X,Y). Then, we have [(} U (X) = C,X for 
C € /i, g _i(Oir). Note that the above model J^ 111 ^ exists for general h, which is given in |GH| . 

We have the following approximation formula for [tt] u , which plays a key role when we 
compute irreducible components in the stable reduction of X(tt 2 ). 

Lemma 2.4. We assume that char F = 0. Let e F /q — v(p) be the absolute ramification index. 

1. Then, we have the following congruence 

[tt] u {X) = ttX + uX q + X q2 - (^ju 2 X q ( q2 - q+ V 
(mod (tt 3 , TT 2 X q4 - q2+ \ TTuX q3 - q2 +\ ttu 2 X, TT 2 U X q , u 3 X q2+1 , X** , u b , u 4 X q ' ')) , 

2. If ep/Q p > 2, we have the following congruence 

[tt] u {X) =ttX + uX q (l - TT q - 1 ) + X q2 

(mod (X q \ U 2q+ \ TT 3 , TT 2 uX q+ \ TTU 2 X^ q2 - q+l ^)). 

3. If ep/Q p > 3, we have the following congruence 

[tt] u {X) = ttX + uX q (l - TT q - 1 ) + X q2 

(mod (u q2+q +\X q6 , TTU 2q+1 ,TT\ !T 3 uX q + 1 ,lT 2 U 2 X q( - q2 - q + 1 '))). 

Proof. These assertions follow from direct computations by using the relationship f([Tr] u (X)) = 
Trf(X) and (E3). □ 

Throughout the paper, T unlv /X(l) means the universal formal Op-module given in (|2.2p in 
the equal characteristic case, and (|2.5[) in the mixed characteristic case with the identification 
X(l) ~ Spf O F0 [[u}] respectively. By X(l) ~ Spf Op [[u]], we also identify X(l) ~ B(l) 3 u. 
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2.5 Geometrically connected components of the Lubin-Tate space 
X(n n ) in |W3] 

We collect some facts on the geometrically connected components of X(-n n ) from |W31 subsec- 
tion 3.6]. 

Let LT be a one-dimensional formal 0F-module over Of for which LT ® k ac has height 
one; this is unique up to isomorphism. In the following, we choose a model of LT such that 

MltPO = ttX-X«. 

See [W3 Section 3]. For n > 1, let F„ := Fo(LT[tt"](C)). Then, by the classical Lubin-Tatc 
theory, F n /F is an abelian extension with Galois group (O > / 'it" O >) x , and the union (J n >i ^" 
is the completion of the maximal abelian extension of F. 

Let E be a one-dimensional formal ©^-module over fc ac of height 2 as in subsection 12.21 
Then, we have Orj = End^ac (£). We have the following right action of 0^ on X(Tr n ). Let 
b G Op. Then, b acts on X(ir n ) by (J 7 , 77, 0) h-> (J 7 , 7706, (/>). We will introduce another description 
of the above O^-action in the proceeding subsection. 

All geometrically connected components of X(TT n ) are defined over F n , and they are in 
bijection with primitive elements in the free of rank 1 (O 'f / O F)-module LT[7r™](C). Now, 
we identify Gal(C/i*o) ~ If = Gal(C/F ur ) by the canonical restriction. For the following 
theorem, we refer to [St] and |W31 Theorem 3.2]: 

Theorem 2.5. ffSdj) For each n > 1, there exists a locally constant rigid analytic morphism 
A'"' : X(ir n ) — > LT[7r™] which surjects onto the subset o/LT[7r™] which are primitive. For a 
triple (g,b,r) e GL 2 (Of) x Op x I F , we have 

AWo( s ,6 ) t) = [% ) 6 ) t)] it (AW), 

where 5 is the homomorphism 

5 : GL 2 (F) x D y x W F -> F x ;(g,b,w) ^ det(g) x Nrd £ , /i r(6)- 1 x apH" 1 (2.7) 

and a^? : Wp —> F x is the reciprocity map from local class field theory, normalized so that 
&p sends a geometric Frobenius element to a prime element. The geometric fiber of A( n ) are 
connected. 

Remark 2.6. In Theorem 12.51 we consider the right action of GL2(Of) x Op x If on the 
Lubin-Tate space X(ir n ) x p C. See |Ca[ 1.3] for more detail on group action on the Lubin-Tate 
tower. 

We write iro(X(Tr n )) for the set of geometrically connected components of X(-K n ). Then, 
by Theorem 12.51 we can identify TT a (X(n n )) ~ {0 F /-n: n ) x , and know the action of GL 2 (C_f) x 
O d x I F on it. For i e (0 F /n n ) x , let X 1 (71-") C X(n n ) x Fo F„ denote the connected component 
corresponding to i under the above identification Tro(X(ir n )) ~ (Of /7r™) x . Then, for a subspace 
W C X(ir n ), we write W i for the intersection (W x Fo F n ) n X i (w n ). 

2.6 Action of the division algebra Op on the Lubin-Tate space X(ir n ) (n > 
0) 

In this subsection, we recall a description of the right action of Op on the Lubin-Tate space 
X(ir n ) from [GH]. Recall that we set X(n n ) := Spf A{ir n ) and X(n n ) is the generic fiber of 
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X(TT n ). For a formal scheme X over Spf Op and a finite extension L/F, we simply write X x F L 
for the base change X Xg p f £> Fo Spf O lui . Let be the unramified quadratic extension. Let 
it ^ 1 £ Gal(E/F). The ring of integers On has the following description Od — Oe ® <pOe 
with a(p = Lpa a for a £ O e . Let b = a + (p/3 e 0£ with a e 0* and /3 e B . By [GHl 
Proposition 14.7], we have the following map 

b: X{1) x F E ^ X(l)x F E. (2.8) 

In the following, we recall the definition of the map (|2.8|) . 

For an element z £ Oe, we denote by z for the image of z by the canonical map Oe — ► F g 2 . 
By }GH[ Section 13], 6 = a + <^/3 £ 0^> ~ Aut(E) is written as follows as an element of F„2[[X]], 

b(X) = a X + a x X q2 + (pX) q (mod (X q3 )) (2.9) 

where we write a = J2i>o a « 7rl with a; £ /U g 2_ 1 (0B) U {0}. Hence, we acquire the following 
congruence 

, ^-W-a^H^o)Hmo)^ (mod 3 

Let b £ C_e[[X]] denote a lifting of 6 F q 2[[X|]. Let Til X{\) x F E denote the universal formal 
Of-module whose multiplications are defined as follows 

F b (X, Y) = b- 1 o F(b(X),b(Y)), [^(X) = b- 1 o [7r] u o b(X). 

We simply write [V^ for [7t].f_ Then, clealy we have the following isomorphism as in [GH| 
(14-4)] 

6 -i . jrumv ^ -p. . (X,u) t-> (p-^X^u) 

and the following equality 

Mb(b~\X)) = b-\[iT} u (X)). (2.11) 
Since Ti is the universal formal O^-module over X(l) x F E, we have the following map 

b:X(l) x F E^X(l) (2.12) 

as in [GH, (14.5)]. This map depends only on b. The map (|2. 12|) clearly extends to the following 
map as m [GHl Proposition 14.7] 

b:X(l) x F E^X{l) x F E. (2.13) 

This map is the map (|2.8j) which we want. The map b is an automorphism, which is proved 
in loc. cit. Let b* T unlv / X (1) x F E denote the pull-back of the universal formal O^-modulc 
J rumv /X(l) by the map (|2.12[) . Then, we have the following unique isomorphism by [GHl 
(14.6)] 

■ . ^univ ^ -p. . {X ,u)^(j(X),u) 

such that j(X) = X (mod (tt,u)). Hence, we acquire the following equality 

[-K] b ^(j- 1 (X))=j- 1 ([n] b (X)). (2.14) 

On the other hand, we have the following isomorphism 

6 *jrumv ~, j-univ . ^ ^ ^ (X',b(u)). 
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We consider the following embedding 

X(7T n ) ^ ^ univ [7r"] x x(1) T univ [ir n ] 3 (X n ,Y n ,u). (2.15) 

The image of this embedding is determined by the Drinfeld condition for (X n ,Y n ). In the 
remainder of this paper, we always consider the space X(7r") as a subspace of the product 
jrumvj^nj x jrumv^nj xhen, we have the following well-defined map 

b : X(ir n ) x F E^ X(ir n ) x F E: (X n , Y n ,u) ^ (T 1 o b- l {X n ),j- x o fc" 1 ^), 6(u)). (2.16) 

This is the action of & £ on X(% n ). This action also induces the action of 0^ on X(Tr n ). 
We set 

b*(X):=r 1 ob- 1 (X). (2.17) 



2.7 Several subspaces in X{ii n ) 

We will define several subspaces in the Lubin-Tate space X{ir n ). We identify ^"(1) with an open 
unit ball B(l) 3 u as in subsection 12.41 Let n > 1 be a positive integer. Let 

p n : X(<K n ) -> *(1) : (F,t,,<I>)^(T,t,) 

be the canonical projection. Let TS° be the closed disc Blp - ^ 1 ] C <%"(1)- This is called the 
"too-supersingular locus." We define subspaces Y 2 „_ m!m (1 < m < n) as follows; 

Y„, Il :=p- 1 (TS°)c^(7r"), 

Y 2 „_ m>m -^^CIp"""-"*- 1 ^)]) c X(n n ) (1 < m < n- 1). 

Let n > 2 be a positive integer. For 1 < m < n — 1, we define subspaces Z 2 („_i)_ mjm as 
follows 

Z 2( „_ 1} _ m , m := ^^Cb^V"-)-]) C *(7r n ) (1 < m < n - 1). 

We introduce several subspaces in the spaces Y 3; i and Z^i, whose reduction appears in the 
stable reduction of the Lubin-Tate space X(ir 2 ). 

As in (f2~T5l) . we consider X{-K n ) as a formal subscheme of .F univ [7r"] x x(1) J" univ [7r"] 3 
(X n ,Y n ,u). 

Definition 2.7. 1. Let (X 2 ,Y 2 ,u) £ Y 3 ,i,o C Y 3i i be a subspace defined by the following 
conditions; 

«(«) = "Ti - , w(X 2 ) = . } - , w(Ti) = . / rr .^Fa) 1 



g + l' v iy g 2 -l' v z; g(<z 2 -i)' v ; q(q 2 -l)' v ; <? 3 (g 2 -i)' 

2. Let (X 2 ,>2, w) € Y 3il oo C Y 31 be a subspace defined by the following condition; (X 2 , Y 2 , u) £ 
Y 3 ,i i00 is equivalent to (Y 2 ,X 2 ,u) £ Y 3 lj0 . 

3. Let (X 2 ,Y 2 ,u) £ Y 3j i >c C Y 3j i be a subspace defined by the following conditions; 
«(«) = -"7T, = < Y i) = ? } TT . ^(^2) = «(Y 2 ) ' 



g + l' v iy v ^ g(g 2 ~l)' v zy v z/ 9 3 (<7 2 -l)' 
4. Let (X 2 ,Y 2 ,u) £ Zi,i C Zi ; i be a subspace defined by the following conditions; 

«(«) = J, «(X0 = — 1— , «(X a ) = * = „ ^ 7T ; U(Y 2 ) = ' 



2' ^ 2(g-l)'^^ 2<r>(g-l)' 2g(g-l)' ^' 2g3(g-l)" 
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5. Let (X 2 ,Y 2 ,u) G Zi^^ C Z^i be a subspace defined by the following condition; (X^Y^w) G 
21,1,00 is equivalent to (F 2 ,X 2 ,u) G Zi,i, . 

6. Let (X 2 , Y" 2 ,ii) G Zi.i, c C Zij be a subspace defined by the following conditions; 

«(«) = i = «(yi) = - , 1 «(x 2 ) = «(r 2 ) = 1 



2' ^ - ^ - 2«(«-l)' ^ " " " 2g3( g _l) 

Lemma 2.8. Let i/ie notation be as above. 

1. The space ^3,1 has the following description 

2. The space Z1.1 has the following description 

Zj.,1 = Ziiojyziioojyziie. 



3 Computation of irreducible components in the stable 
reduction of X(tt 2 ) 

From this section until the end of this paper, we assume p ^ 2. In this section, we will compute 
the reduction of the spaces Y2,2> Y3,i and Zi,i by using the approximation formula for [tt] u 
in Lemma 12.41 In the equal characteristic case, we have already computed the reduction of 
them in T2 , hence we assume char F = in this section. However, the computation in 
this section also holds in the equal characteristic case. In the equal characteristic case, the 
computation in loc. cit. is easier than the one in this section, because the rigid analytic morphism 
A(") : X(ir n ) — > LT[ 7r n ] in subsection 2.5 is given by the Moore determinant, which has a very 
simple form. See |W2j for more details on the Moore determinant. We briefly give a summary 
of results in this section. The reduction of the space Y 3 ,i, has q(q — 1) connected components 
and each component is defined by x q y — xy q — C with some £ G F* . Similarly, the reduction 
of the space Y 3 ,i, c has q(q — l) 2 connected components and each is defined by x q y — xy q = ( 
with some ( 6 FJ. The reduction of the space Zi,i,o has q(q — 1) connected components and 
each is defined by 

Z q = yf- 1 +y- {q2 - 1 \ 

This affine curve with genus has singular points at y G H2(q 2 -i)- By blowing-up these points, 
we obtain 2(q 2 — 1) irreducible components with genus (q—l)/2, defined by a q — a = s 2 . Similar 
things happen for the reduction of the space Zi,i. c . 

The reduction of the space Y 2 ,2 has q(q — 1) connected components and each component is 
defined by 

3 3 
Z q = x q y — xy q , x q y — xy q = ( 

with some ( G F^. This affine curve with genus q(q — l)/2 has q(q 2 — 1) singular points at 

(x,y) = (xo,yo) G (fc ac ) 2 with Xq ~ 1 = 1 = — 1. Then, by blowing-up these points, we find 
q(q 2 — 1) irreducible components defined by a q — a = t q+1 . 

By |W3[ Proposition 5.1], it is guaranteed that the reduction of the spaces, explained above, 
really appears in the stable reduction X(n 2 ). See also |Liul Proposition 4.37] for an analogous 
statement in the language of schemes. 
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3.1 Computation of the reduction of Y 2j 2 



In this subsection, we compute the reduction of the space Y2,2 by using the approximation 
formula for [ir] u in Lemma 12.41 1. Let 7To(Y2,2) denote the set of geometrically connected 
components of Y2,2- First, we check that the reduction Y2,2 has q(q — l) connected components 
and fix an identification 7To(Y2 i 2) — (Of / 7r2 ) x ■ Furthermore, we show that each component is 
defined by the following equations 

Z q = x q y — xy q , x q y — xy q = ( 

with some £ £ F* . 

Let (X 2 ,Y 2 ) denote the Drinfeld 7r 2 -basis of J" univ . We set X l := [k] u (X 2 ) and Y 1 := 
[ir\u(Y 2 ). On the space (X 2 , Y 2 ,u) £ Y 2<2 , we have the followings as in subsection 12.71 

v(u) > v(X 1 ) = v(Y 1 ) = v(X 2 ) = v(Y 2 ) = g2(g2 1 _ 1) . 

We choose an element K\ such that k\ ^ ^ — tt with v(k-l) — l/q 3 (q 2 — 1). We set k := k\ 
and put 7 := with v(-/) = (q — l)/q 2 - We write ^y 1 /^ _1 ) for an element nf^ 1 . 

3 / -i \ 2 2 

Then, we change variables as follows u — n q 'Uq, X\ = n q x\, Y\ = n q y\, X 2 = kx and 
Y 2 = ny. By = [7r] u (JTi) = [7r] M (Yi) and Lemma [2~4l l. we acquire the following congruence 

no = -xf q - X) - = -yf^ - -Ij (mod 1+). (3.1) 

Let f(X,Y) be a polynomial with coefficients in O f such that X q -Y q = (X — Y) g + %f(X, Y). 
By the Drinfeld condition for (X\,Yi), we have x\ ^ y%. Hence, we acquire 

(x\y\ -xiyl) q =l-7r— g l r (mod 1+). 

x[yi - X!yl 

This splits to (q — 1) congruences as follows 

xfyi - Xiy\ = ( + nf(x q 1 y 1 ,x 1 y q ) (mod 1+) (3.2) 

with c e ^ q -i(0 F ). 

By Xi = [-k\ u (X 2 ) and Y\ = [tt] u (Y 2 ) and Lemma l^4l l. we acquire the following congruences 

Xx = x q2 + -f q u x q + j q+1 x, yt = y q2 + j q u y q + j q+1 y (mod 1+). (3.3) 

We set 

Z := (x q y - xy q ) q - 1 (x q3 y - xy q3 ). (3.4) 
Substituting (I3.3|) to (|3.2[) . we acquire the following congruence by using (|3 . 1 1) 

Zi - -fZ = C + tt(/ 9 - /) (mod 1+) (3.5) 

where we write / for f(x q y q ,x q y q ). We choose an element 70 such that 7g — 7 9 7o = C- We 
set as follows 

Z = (x q y — xy q ) q — j(x q y — xy q ) = 70 — 7« =T c. (3-6) 

We set \i := c + f. Then, by substituting p.6[) to (|3.5|) . and dividing it by n, we acquire 
pfl = H (mod 0+). Therefore, the set 7ro(Y2,2) is identified with (£, /2) E F* x ¥ q . Hence, we fix 
the following identification 

7ro(Y 2 ,2) a (0 F /n 2 r * K x F 9 3 (C" |)- (3-7) 
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We choose an element 70 such that 7q =70- We set as follows 

x«y-xy q =7o+7 1/9 ^i. (3.8) 
By substituting (13.81) to (13.61) and dividing it by 7, we obtain the following congruence 

Z\ = x q3 y - xy q3 - 7 1 /(«- 1 ) C (mod (l/q 2 )+). (3.9) 
Hence, we have proved the following proposition by (|3 . 8[) and (|3 .9|) . 



Proposition 3.1. The reduction Y '2,2 has q(q — l) connected components, and each component 
is defined by the following equations 

3 3 

x q y — xy q — £, Z q — x q y — xy q 

with some £ G F* . 

3.2 Analysis of the singular residue classes in Y 2 2 

In this subsection, we analyze the singular residue classes of Y2.2. Let {Y 2 2 } i= ^ ji)£w x xw 
denote the connected components of the reduction Y2,2- Let i = (£,/*) 6F, X x F,. As in the 
previous subsection, the reduction Y 2 2 is defined by the following equations 

x q y — xy q = C, Z q — x q y — xy q 
with ( e . This affine curve has singular points at the following set 

Sfo := {(xq, y , Z ) G Y 2i2 (fc ac ) I x(yo ~ Xoyf = 0}. 

Note that we have |<Sq | — q(q 2 — 1) = |SL2(F g )|. This set Sq is identified with the following 

2 1 2 1 

set {(x ,yo) G (fc acX ) 2 | x q y Q - x y% = C, x q ~ = yl ~ = -1}. For j := (x ,y ) G Sfo, we 
denote by X* the underlying afHnoid of the singular residue class of (x, y) = j in the space Y 2 2 - 
Furthermore, we write Xj for the reduction of the affinoid X*-. In this subsection, we compute 
the reduction Xj. 

By using p.8[) . the congruence (|3.9[) is rewritten as follows 

Z\ = 7g ^ 1+ q2 V \ + y q < q2 -V (70 + 7 1/9 ^i) - 7 1/(<? - X) c (mod (l/ 9 2 )+). (3.10) 

We choose an element 71 such that 7' + 70 + 7 1//<? 7i = 0. Furthermore, choose yo, xq such that 
Vo' 1 +7o _1 = and ^0-^0 = 7o + 7 1/9 7i- We set w := 7 1 /«(g-i) an d Wl : = j/^ 1 /^ 2 -!). 
Then, we have v(w) — 1/q 3 and v(uii) = l/q 2 (q + 1). 

We change variables as follows 

Z\ = 71 +wa, y = yo +W1Z1. (3.11) 

Substituting them to (|3.10p . we acquire the following congruence 

9+1 



>(a q +a) = -w q+ \(-) - 7 1 /( 9 ~ 1 )c (mod (l/q 2 )+) 

\yoJ 



(3.12) 
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where we set c = fi — /(Xq y^x^y^ ) with some [i G ^ (? _i(C'f)U{0}. Hence, by dividing Q3.12p 
by w q , the following congruence holds 

a 9 + a = (z« +1 -c (mod 0+). (3.13) 

Hence, the reduction is defined by the following equation a q + a = (zf +1 — cq. Therefore, 
we have proved the following Proposition 13.21 We set 

S := {((CA), (zo.ito)) e (F, x x F,) x (fc ac ) 2 I ^y - x y 9 = £ 4^ - 2/f ~* = "!}■ 
For an element ((CA), (#0,2/0)) G 5, we set i := (£/x) and j := (x ,y ) € 5^ . 

Proposition 3.2. Lei i/ie notation be as above. Then, in the stable reduction of the Lubin- 
Tate space X(ir 2 ), there exist q{q — 1) X q(q 2 — 1) irreducible components {-^ ,C }(i,j')eS swc ^ 
eac/i ^j' c /ifls affine model with an equation a q + a = C z i +1 ~ c with some c£F ? . These 
components attach to the connected component of Y 2,2 at q(q 2 — 1) singular points. 



3.3 Computation of the reduction of the space Z 1A ^ (* = 0, 00) 

In this subsection, we calculate the reduction of the space with * = 0, 00 by using Lemma 

12.41 1. First, we check that the reduction Zj. 1 has q(q — 1) connected components. Secondly, 
we show that each component is defined by the following equation 

z q = x^- 1 + x- {q2 - 1) 

with genus 0. Since we have 

(x 2 ,y 2 ,u) e Zi,i )Q <^ (y 2 ,x 2 ,u) e Zi )1)00 

by Definition 12.71 5. the same things happen for Zi i )00 . 



Let (X 2 , Y 2 ) be a Drinfeld 7r 2 -basis of the universal formal Of-module 7 runiv . We set X\ := 
[7r] u (X 2 ) and Y\ := [7r] u (F 2 ). Recall that we have the followings on the space (X 2 , Y 2l u) G Z>i,i,a 
as in Definition 12/71 



"V = \ = ^Ty <W = ^Ty <W = ^Ty = ^i) ■ 

We choose an element ki such that n 2 ^ 1 ^ ^ = it with v(ki) = 1 /2g 4 (g — 1). We set k := k\. 
We set 7 := k^ 9-1 ) 2 with 1^7) = (q — l)/2q 2 . We write for n\~ X . We change variables 

as follows u — k q ^^'Uq, X\ — n q x\, Y\ = n q y\, X2 = n q x and Y2 = ny. Considering 
[7r] u (Xi) = [7r] tl (Yi) = 0, we acquire the following congruence by using Lemma [2~4l 1 

u = --L = -yf q - r) (mod 1+). (3.14) 

%i Vi 

By (|3.14|) . the following congruence holds 



= Ss( 1 + -£t) (modl+) (3.15) 



1i q \ 9 2 -l 

Vx \ y\ 



with ( G /i g _i(Of). By considering Xi = [n] u (X 2 ) and Y\ = [7r] u (y 2 ), we obtain the following 
congruences again by Lemma 12.41 1 



x x = x q ~ + -i q u a x q + ~f 2q+1 x (mod 1+), yi = y q + j q+1 u Q y q (mod ((q + l)/2q)+). (3.16) 
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We set 



By substituting ([3J6]) to ([3J5]) x y 9 , we acquire the following congruence by using (|3.14[) 

Z q -j 2q Z = C (mod 1+). (3.18) 

We choose an element 70 such that 7q — 7 2<? 7o = C- Then, by (|3.18p . if we set Z — 70 — 7^/x, 
we obtain yfl = /.i (mod 0+). Similarly as (|3.7I) . we fix the following identification 



7r (Z M , ) ~ {Of/^Y ^ F* x F, G (C, |). (3.19) 



Now, we choose an element /i G fi q -i(<Dp) U {0}. We have the following congruence by (|3.17l) 
Z = - 7 + ) ^ 7o + 7^% (mod (1/?)+). (3.20) 

2g 

We choose an element 70 such that 7$ = 70 + j*- 1 ft. Then, we set 

xy q =jo+7 1/q Z 1 . (3.21) 
Substituting this to (|3. 201) . and dividing it by 7, the following congruence holds 

Z\ = xy q3 + (y^ 2 - 1 ) (mod (l/2<z 2 )+). (3.22) 

Substituting x = 70+7 , " Zl (|3~2T|) to the right hand side of the congruence (|3.22|) . we obtain 
the following congruence 

(Z 1 - y q2 -^ q - Cy- (q2 - 1] ) q = ^S^^Z, (mod (l/2g 2 )+). (3.23) 
We introduce a new parameter Zi such that 

yf-W lq2 Z 2 = Z X - yf-^l'* - Cy- (q2 - 1] - (3.24) 

Substituting this to (J3T23J) , and dividing it by 7 1 /<?y<?(<7 2 -i) j we obtain the following congruence 
Z\ = Zi (mod (l/2g 3 )+). By substituting this to (I3.24p . the following congruence holds 

z q = C(y q2 ^ + y- {q2 - 1] ) + y q2 ~ 1 i 1/q2 z 2 (mod (i/2 q 3 )+). (3.25) 

Note that we have 7q^ 9 = 7q^ 9 = C (mod (l/2q 3 )+). Therefore, we have proved the following 
proposition. 

Proposition 3.3. The reduction Zi.1,0 and Zi^oo has q(q — 1) connected components, and 
each component is defined by the following equation 

Z q = C(y q2 - 1 +y- {q2 ' 1) ). 

Proof. The required assertion for Z^i.o follows from (|3.25j) . Switching the roles of X2 and Y2, 
we obtain the required assertion for Zi^oo. □ 
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3.4 Analysis of the singular residue classes of Z x i * (* = 0, oo) 

In this subsection, we analyze the singular residue classes in the space Zx,x,* with * = 0, oo. We 
keep the same notation as in the previous subsection. Let {'L 1 1 »} ieF x xF denote the connected 

components of the reduction Zx Recall that the reduction Z\ 1 # is defined by the following 
equation 

Z« = C(y« a - 1 + i/- (9a - 1) ). 

This affine curve has singular points at y E /i2(g 2 -i)- We set 

S := (O f /tt 2 ) x x /i 2(g2 _x) 3 

For (i, j) E Sq, we denote by WJ ^ (resp. W^. .) the underlying affmoid of the singular residue 
class at y = j of the space Zj 1|Q . (resp. Z^ l oo .) Furthermore, for * = 0, oo, we denote by • 
the reduction of the affmoid Wi ,-. 

We choose elements 71 and yo such that 7* = l2({1 + 7 1 / 9 " (^ L )} 1 / 2 and t/g 1 = + 
7 1 / 9 (^-)} 1 ^ 2 with t E {±1}- Set w := y q+1 ^fi' 2 (q-i) . Furthermore, we choose an element w\ 
such that j/g 3 (C + 7 1 ^ ?2 7i) u;2 = w 9 . Then, we have v(w) = l/2q 4 and u(u>i) = 1 / 4g 3 . 

We change variables as follows 

Z 2 = 7i + wa , V = Vo + wiyi- (3.26) 
Substituting them to p. 251) . we acquire the following 

t^(o« - a) = yf-'iC + l 1/q2 li)wlyl (mod (l/2 g 3 )+). 

Hence, by dividing this by w q , we acquire the following a q — a — y\ (mod 0+). Hence, the 
reduction Wq j is defined by a q — a = y\. Therefore, we have proved the following proposition. 

Proposition 3.4. In the stable reduction of the Lubin-Tate space X(ir 2 ), there exist q(q — 
1) x 2(g 2 — 1) irreducible components {Wq 'j}(i,j)eS (resp. {W^j}(i,j)e5 J with an affine model 
a q -a = s 2 . For each i E (O f /tt 2 ) x , the components {W^ J } jet , 2(g 2_ 1) (resp. {W^jjje^^) 
attach to the component Z l x (resp. r L 1 j J at 2(q 2 — 1) singular points. 



3.5 Computation of the reduction of the space Zi )1)C 

In this subsection, we compute the reduction of the space Zi 1 c . We prove that the space Zx,x, c 
has q(q — l) 2 connected components, and ech component is defined by Z q = X^^ 1 + X^^ 2 ' 1 ^. 

Recall that we have the followings on the space Zx,x,c as in Definition 12.71 
v(u) = 1, v{X x ) = vfY!) = - . 1 - , v(X 2 ) = v(Y 2 ) ' 



2' v ^ v ^ 29(9-1)' v ZJ " ZJ 2g3(g-l)- 

Let k and 7 1 / 9 be as in subsection !3.3l We change variables as follows u = K q3 ^ q ^Uo, Xi = 
n q xi, Y\— n q yi, X 2 = kx and Y 2 = ny. We put i := (2q + l)/2g. 

By [7r] u (JCx) = [7r]„(lx) = and Lemma \2~%\ 1. we acquire the following congruence 

no = -xf«-V - ^ -yf Q - 1] - —717 (mod (3/2)+). (3.27) 

x\ y\ 
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Note that we have v(-f q ) + i = 3/2. Let f(X,Y) be a polynomial such that X q - Y q 
X — Y) q + pf(X,Y). By considering (13.271) x (xiyi) q , we acquire the following congruence 

x\yi - xiyl = C7^ + ( — ) f{x\yi, xiyl) (mod i+) (3.28) 



with some ( £ fi g -i(Of). Note that we have (xfj/i — xiyf yi, Ziyi) and — x\y q ) = 

l/2q > 0. Furthermore, by X\ = [7r]„(X 2 ),Yi = [7r] u (F 2 ) and Lemma l2~4"l l. we obtain the 
following congruence 



a?i = x 9 " +7 g+1 uoa: g +7 2 ' - g7uga^-« +1 >(mod %+). (3.29) 

The same congruence as Q3.29P holds for (y,yi). On the right hand side of p.28[) . we have the 
following congruence 

(j£\f(xlVi,x iy l) = ^V/^^.x^i^J-Cff/pjT^^fxy)^^- 1 ^^-^)'} (mod*+). 

(3.30) 

Note that, if ep/Q > 2, this term (|3.30p is congruent to zero modulo i + . We set 

Z := (x q y-xy q ) q -^(x^y-xy" 3 ) - (p/-y q ) 1/q f(x q2 y q ,x q y^). (3.31) 

On the other hand, we have the following congruence, by substituting (I3.27[) and (|3.29j) to 
x\y\ - x%y q , 



x\y x - xiv\ =Z q - l 2q+1 Z + (p/j q )f(x q3 y q2 , x q2 y q3 ) - qju 2 (xy) q ^ q - 1] (x q y - xy q ) q (mod %+). 

(3.32) 

Hence, (|3.28p induces the following congruence by (|3.30p and (|3.32p 

Z q -j 2q+1 Z = (modi+). (3.33) 

We choose an element 7 such that 7q — 7 2?+1 7o = 7« =r C- Clearly, we have v(jq) — l/2q 2 . 

2q+l 

Then, if we set Z = 70 + 7 "- 1 n, we acquire [i q = (i (mod 0+) by (13.33|) . Hence, by Q3.3ip and 
v(f(x q y q ,x q y q )) = l/2q 2 > 0, we obtain the following congruence 

Z=(x q y-xy q ) q ~ 1 3 ^(x q3 y-xy q3 )= l0 + 1 ^ f i(mod (3.34) 

2q + l 

We choose an element 70 such that 7q = 7o + 7 A*- Then, we introduce a new parameter Z 
as follows 

x 9 y - xy q = 70 + y^~ l l^ll ,q + ^"V^ 1 ^. (3.35) 

By substituting (|3.35p to the left hand side of the congruence (|3.34p . we obtain the following 
congruence in the same way as in (TJ (4.21), (4.25)] 

z q = C(y q2 ^ + y~ iq2 ~ 1} ) + iiy q2 ^z (mod (l/2g 3 )+). (3.36) 

By (|3.35p . we have x 9 " 1 = y q ~ l (mod 0+). Therefore, we acquire x = C,iV (mod 0+) with 
some d £ /Lt q _i(Op). Hence, the reduction Zi^^ has q{q — l) 2 connected components, which 
are parametrized by (£, 0«, CO) e ^ x ^g- Furthermore, each component is defined by Z q = 
C(y 9 " 1 + y~^ q2 ~^) by (|3.36l) . Therefore, we obtain the following propositions. 

Proposition 3.5. The space Zi : i, c has q{q — l) 2 connected components and each component 
reduces to the following curve 

z q = (( y q2 - 1 + y -( q2 -V) (3.37) 

with some £ £ F*. This affine curve has 2(q 2 — 1) singular points at y £ ^2(q 2 ~i)- 
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Let i G (Oi?/7r 2 ) x . We write {Z\ l j} JgF x for the connected components of Z\ 1 c . For each 

k G M2(g 2 -i)i let W*- fc C Z\ j ^ denote the underlying affinoid of the singular residue class at 
y = k. Then, by the same computations as the ones in subsection 13. 31 we acquire the following 
proposition. 

Proposition 3.6. In the stable reduction of X(ir 2 ), there exist q(q— l) 2 x 2(q 2 — 1) irreducible 
components {W* } ■ k)e(o F /7r 2 ) x xf x xh 2 ' an a ffi ne m °del a q — a — s 2 . For each 

G (Oi?/7r 2 ) x x IF q , components {Wjfc}fce/i 2 , 2 1} attach to the component 7i 1 1 j at 
each singular point. 



3.6 Computation of the reduction of Y 



3,1,0 



In this subsection, under a technical assumption ejr/Q > 2, we compute the reduction of the 
space Ya^i.o- The reduction Ya^.o has q(q — 1) connected components, and each component is 
defined by x q y — xy q — ( with some £ G F* . In the proceeding sections, we do not use results 
in subsections 13.61 and 13.71 



Recall that we have the following on the space Y3.10 in Definition 12.71 

v(u) = — j— -, v(X x ) = 9 u(Y x ) = 1 , v(X 2 ) = v(Y 2 ) = -g-r-^ — — . 

q + 1 q 2 - 1 q{q 2 - 1) q{q 2 - 1) q i {q 2 - 1) 

We choose an element k such that K q3 ( q ~ x ) = n. We set 7 := k9(<j-i)(<? Then, we have 
= l/g 3 (q 2 — 1) and v(p/) = (q — l)/<7 2 . Furthermore, we set 79(^17 := k <j We change 
variables as follows u — n q ' ^ _1 ^u , Xi = n q xi, Y\ = n q yi,X 2 — n q x and Y 2 = ny. From 
now on, we assume ep/q > 2. Then, we acquire the following congruences by [7r] u (X 1 ) = 
[Au{Y\) = and Lemma fcfl2 

^0 = = - -£r ( mod !+)• (3-38) 



.r 



Therefore, we acquire the following congruence 



xiyl = C(l + ^&t) (mod 1+) (3.39) 

with some C € M<?-i(C-f)- O n the other hand, by Y\ — [tt] u (Y 2 ), Xi = [ir] u (X 2 ) and Lemma 
12.41 2. we acquire the followings 

Vi = y q2 + iu a y q (mod (l/q)+), x x = x q2 + u x q + -f q x (mod 1+). (3.40) 
By substituting (I3.40[) to the right hand side of (|3.38[) . we acquire the following 

uo = -y^^ - l q [y^-^ + ^T) ) - "f q+1 y qi ~ 2q3+q (mod 1+). (3.41) 

We set 

Z := (x q y q2 -xy q3 ) -~f(x q y qi ~ q3+q + (C/y q{q2 ~ 1) )) ■ 

Substituting p.40|) and (|3.4ip to the term x\y\ in the left hand side of the congruence p. 391) . 
we acquire the following by ep/q > 2 

Z q --f q Z = ( (mod 1+). (3.42) 
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We choose an element 70 such that 7q — 7^70 = £• Then, we set 

Z = 7o + 7^c. (3.43) 

g 2 

By substituting this to the congruence (|3.42l) . and dividing it by 7^ rT , we acquire the following 
congruence c q = c (mod 0+). Therefore, we obtain c G ¥ q . Hence, ¥3^,0 has q(q — 1) connected 
components, which are parametrized by (C, c) € F* x ¥ q . Furthermore, each component is 

defined by x q y q2 — xy qi = because we have x q y q2 — xy qi = Z = 7 = £ (mod 0+) by (|3.43p . 

2 — 1 

By setting as follows z :— — — ^"^^ -, we acquire z q y — zy q = (. Hence, we have proved the 

following lemma. 

Lemma 3.7. We assume ep/q p > 2. Then, the reduction ¥3^,0 has q(q — 1) connected com- 
ponents and each component is defined by x q y — xy q = £ with some £ £ F* . 



3.7 Computation of the reduction of the space Y 3jl)C 

In this subsection, we calculate the reduction Y^^^. By a technical reason, only in this sub- 
section, we assume that the absolute ramification index ep/Q > 3. Under this assumption, we 
show that the reduction Ya^c has q(q — l) 2 connected components, and each component is 
defined by x q y — xy q — £ with some (gFJ. However, we believe that the same phenomenon 
happens when ep/q < 2. 

Recall that we have on the space Y 3 1 c in Definition 12.71 

v(u) = v(X 1 ) = U (r0 = / v(X 2 ) = v(Y 2 ) = 1 

q + 1 q{q z - 1) q 6 {q z - 1) 

1 

Let k, 7 and 7«(a- 1 ) be as in the previous subsection. We change variables as follows u = 
n q ^'^uq, Xi — k q x\, Y\ — n q yi, X 2 = ax and Y 2 — ny. We set k = (q + l)/q. From now 
on, we assume ep/Q > 3. Then, we acquire the following, by [7r]„(Xi) = [7r] n (Y 1 ) = and 
Lemma 12.41 3. 

(1 - ^Vo ee -xf^ - ^ ee -yf^ - (mod 2+). (3.44) 

Note that we have 7r 9_1 uo = (mod 2+) on the left hand side of (|3.44p unless q = 3. By 
considering (I3.44[) x (xiyi) q , we obtain v(x q yi — xiyf) = l/2q. Furthermore, we acquire the 
following congruence 

x\y\ — x\y\ = £7« =T (mod k+) (3.45) 

with some £ £ /^ij-i(Cf). On the other hand, we have the following congruences, by X\ = 
Mu(X 2 ) and Yx = [ir] u (Y 2 ) and Lemma I2~4l3. 

2 g 2 + g+l 2 q 2 +q+l 

xi = x q + r yuox q + 7 1 x, yi = y q + r yuoy q + 7 1 y (mod k+). (3.46) 

Substituting (|3.46[) to the term x\yi — x\y\ in the left hand side of the congruence (|3.45|) . we 
acquire the following congruence, by the assumption e_p/Q > 3, 

x\y x -x iy \ = {x q y - xy q f + ~/u {x q2 y - 1/ ) q + 1 q+1 u q + 1 {x q y -xy q ) q + {x q3 y - xy q3 ) 

(3.47) 
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(mod k+). By p. 441) and (I3.46[) . we obtain the following congruence 

, s V" + - - ,3. 48 , 

. -„.•<«-» + - - („d (£+!)+). (3.49) 
Hence, we acquire the following congruence on the right hand side of the congruence (|3.47[) 

juoix^y - xy q2 ) q + -f q+1 u q+1 (x q y - xy q )« = -j(x q3 y - xy q3 ) q - 1 q+1 {x q y - xy q ) q (3.50) 
modulo k + . We set as follows 

Z := (x q y - xy q f - ^/"{x^y - xy q3 ). (3.51) 
Then, by (|3~4"5|) . (f3lT)) and (|3~5Cl)) . the following congruence holds 

C7^r = xfyi - xiyf = Z q - -/ q+1 Z (mod (3.52) 

We choose an element 70 such that 7q — 7 9+1 7o = C7~- Then, we have v(j ) — 1/q 2 . If we 
set 

Z = 7o +7^c, (3.53) 

by (|3.52[) . c satisfies c q = c (mod 0+). Therefore, we have c 6 F g . Set Zi := x q y — xy q . Note that 
we have v(Zi) = 1/q 3 by (|3.53|) . Then, the congruence (|3.53p induces the following congruence 

Z q _ 1 1 / q y q( - q2 -^Z 1 = C7 1/( ^ 1} (mod (l/q 2 )+). (3.54) 

We set as follows 

Z x =x q y-xy q = 1 1/q{q ~ 1) z. (3.55) 
By substituting (I3.55|) to (|3.54[) and dividing it by 7 1 /w- 1 ) ) we acquire the following 

z q _ y 9(9 2 -i) z = ( ( m od 0+). (3.56) 

If we set z := C(l + y ql1 ) + y q2+q l w\, the curve (|3.56[) is isomorphic to a curve defined 
by the following ywf — y q wi = £, because the function y (mod 0+) is an invertible function. 
Furthermore, we have (x/y) € F*, because we have Z\ = x q y — xy q — modulo 0+ by 
(|3.55p . Therefore, the reduction Y3,i. c has q(q — l) 2 connected components by (|3.53[) and each 
component is defined by x q y — xy q — C with some £ G F* . Hence, we have proved the following 
lemma. 

Lemma 3.8. We assume e F fq p > 3. Then, the reduction of the space Ys^c has q(q — l) 2 
connected components and each component is defined by x q y — xy q — C with some £ S F* . 



4 Action of the division algebra Op on the components in 
the stable reduction of X(tt 2 ) 

Recall that we set S a = {O f /tt 2 ) x x P 1 ^) e in GOD Moreover, we set Si := S x 

1^2^-1) 3 {hjj k). In this section, we determine the right action of the division algebra on 
the components Y 2 ,2, X 1 - for 6 S, Zi,i,* (* = ei,c), W^ k for (i,j,k) S Si, which appear 
in the stable reduction of X(tt 2 ). To compute the 0^,-action, we use the description of the 
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action of O d on the Lubin-Tate space given in (I2.16|) . Then, the group O^ acts on the stable 
reduction of X(ir 2 ) by factoring through O3 . 

First, we prepare some notations. The reduced norm Nrd^/i? : O y D — > O f induces Nrd^/p- : 
3 x (O f /it 2 ) x . For i G (O f /tt 2 ) x and b G O3 , we set i& := Nrd D 1 /F (6) x i g (e> F /7r 2 ) x . It 

is well-known that, under some identification ^(^(tt 2 )) ~ (0f/7t 2 ) x , the group 0£ 9 6 acts 
on tto(X(tt 2 )) by z 1 — y ib. See Theorem l2.5l For an element b g O3 , we write 6 = ao + <^&o + 7rai 
with a g fi q 2^ 1 (0 E ) and b ,ai G fi q 2_ 1 (0 E ) U {0}. 



4.1 The action of 0^ on the reduction Y 2) 2 and {Jfj}(jj) 6< s 

In this subsection, first, we write down the action of Op on 7To(Y 2i 2) in Lemma |4. II Secondly, 
we determine the action of Op on each connected component Y 2 2 with i g (0 F /7r 2 ) x in 
Proposition 17.111 Thirdly, we calculate the O3 -action on the components {Jfj}(jj) g 5 with 
each defined by X q + X = Y q+1 in Proposition 14.41 In the following computations, we freely 
use the notations in subsections I3JJ and KL2J 



Recall that we have the following on the space Y2.2 

v(u) > w(*i) = v(Yi.) = v(X 2 ) = v(Y 2 ) 



1' v A ' v g 2 -l' v " v " 9 2 (<Z 2 -1) 

We choose an element rei such that n\ ^ = 7r with = l/q 3 (q 2 — 1). We set k := «;? 

and 7 := ftCs -1 )^- 1 ) as in subsection 13.21 We write 79(^-1) for In subsection 13.21 we 

change variables as follows u = n q ^'^uo, X\ = n q x\, Y\ = n q y\, X 2 — kx and Y 2 = ny. 

Recall that the reduction Y2,2 has q(q — 1) connected components. Each component is 
defined by 

Z\ = x q y — xy q , x q y — xy q = ( 

with some ( C F ? x . See subsection 3.2 for more details. In the following, we determine the 
action of O d on the parameters (a;, y, Z\). 

Let b = ao + fbo + irai G O3 . Recall the definition of b* in (|2.17|) . Then, we have the 
following by ([2TTUj) and j- x {X) = X (mod (tt, u)) 

nx) s x-CWaoW^-^-aqi/ao)- (60/^)^7^ ^ ^ 

ao 

The same formula as (|4.1I) holds for y. Recall that we have x\y\ — x\y\ G fi q -i(Op) modulo 
1+ as proved in (|3.2[) . We choose an element £ G \i q -\(0 F )- In the following, we assume that 
x\yx - %iy\ = C modulo 1 + . We calculate b*(xi) q b*(yi) - b* (xi)b* (yi) q in the following. We 
acquire the following congruence, by b*(x±) = Xi/ao and b*(y\) = yi/ag modulo 0+, 

b*( Xl ) q b*( yi ) - b*( Xl )b*( yi y = ^i-i^M = (mod o+). (4.2) 

Recall that we set in (|3.4[) 

Z := - xy q ) q - 7(x 93 ?/ - xy q3 ). (4.3) 
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This parameter Z satisfies Z q — j q Z = ( + Tr(f q — /) (mod 1+) as in (I3.5[) . We fix an 
element 70 such that 7q — 7^70 = C We set Z = 70 — 79=1 c anc l /i ■= c + f. Then, we obtain 
fi q = fx (mod 0+). Now, we have chosen the following identification in (|3.7[) 

c 

Then, we choose a pair (C>A) e (CW 71 " 2 )*- We put 



io(Y 2 , 2 )^F 9 x xF, 9 ((,£). (4.4) 



b*(Z) := (6*(x)«6*(y) - b*(x)b*(y) q ) q - 7(6* &*(y) - &*(*)&*(y) 9 ). (4.5) 
We acquire the following congruences by using (|4.1[) 

b*(x) q b*(y)-b*(x)b*(y) q = ^ ~ ~ (fro/aoh 7 * 31 (^2/ ~ xy q2 ) + ^(a 1 /a Q )(x q y - xy q ) q 

(4.6) 

and 

b*(xfb*(y)-b*(x)b*(yf = 

x q3 y - xy q3 - (b /a ) q (x q2 y - xy q2 ) q ^ + l^{(b /a ) q+1 - {a 1 /a )}{x q y - xy q ) q2 

a q+1 

(4.7) 

modulo (l/q 2 ) + . Hence, we obtain the following by fljjj) , (|4~5j) , (|4T6|) and (|4J| 

6*(Z) = (b*(x) q b*(y) -b*(x)b*(y) q ) q - 7 (b* (x)<? b* (y) -b*{x)b*{yf) 

Z _a_ ( (ai/a ) q + (ai/a ) — (Wao) 9+1 \ , „ „x„ 2 , , , -v „ nV 

l^— ^ V" ) (^y - zy')* (mod (1/?)+). (4.8) 

We set f b := f((b*x) q2 {b*y) q , {b* x) q {b* y) q2 ) . Then, we obtain the following 7r/ h ee 7t(^t) 

a g 

modulo 1 + . Therefore, we acquire (b*Z) q - i q {b*Z) = C/al +1 + n(f q - f b ) (mod 1+). We set 

h := -{ ai /a ) q - (01/00) + {bo/a ) q+1 - 
Note that we have h £ ¥ q . If we write Z = 70 — 7 9 /^~ 1 ^c, we acquire the following by (|4.8p 

v9/(«-i) 

^9+ 



^ = ^TT + - L ^+T-( c + ^) (mod (l/q)+). (4.9) 



We write b*Z = (7o/flo +1 ) — 79-1 &*c with b*c = (c + /i£)/(Iq +1 . Hence, we have proved the 
following lemma. 

Lemma 4.1. Let 6 = a + ipbo + nax £ O3 with ao £ /V-i(Ce) and 60, «i £ /V-iC^s) U {0}- 
PFe set ft- := — (ai/ao) 9 — (ai/ao) + (&o/ao) 9+1 - W^e consider the identification J^.^[ ). Then, the 
element b acts on the group 7To(Y 2 , 2 ) as follows 

b : 7T (Y 2 , 2 ) -> ^o(Y 2i2 ) ; * := (££) ^ := ((a~ {q+1) , fi + h). 

Proof. The required assertion follows from ()4.9[) . □ 

Remark 4.2. The group 0^, acts on the set of connected components of the Lubin-Tate 
space according to the inverse of the reduced norm. See subsection 2.5 for more details. Let 
a^le Q&\{E/F). Then, we have Nrd Z3/F (a+^/3) = aa CT -7r^/3 <T . Let b = a + tpb +nai £ O3 
witha £ fig* -i(0 e) and6 ,ai £ ^ g 2_ 1 (O f; )U{0}. Then, we have Nrd^y F (&) = -^(l+nh) £ 

(Of/i^Of)* . Hence, as observed in Lemma I4TT1 acts on 7r (Y 2 2 ) according to the inverse 
of the reduced norm. 
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Secondly, we write down the action of O^ on the reduction Y2,2- We write {Y 2 a}i=(^ ji)e¥ x xf 
for the connected components of Y2,2- Now, we compute the action of b on the component Y 2 2 
with 2 = (C,M) G (OF/7r 2 ) x . 

Let 7o,7'o be elements such that 7q = 70 and 7' = 70^0 Recall that we introduce 

new parameters Z\ and o*.Zi as in 



x"y - xy q = 70 + 7 1/9 ^i, b*(x) q b*(y) ~ = Yo + 7 lA? (&*^i)- (4-10) 



As computed in subsection 13 - 1 1 the components Y 2 2 and Y 2 2 are defined by the following 
equations respectively 

— 3 3 
x q y -xy = C, Z\ = x q y- xy q , 

b*(x)%*(y) - b*(x)b*(y) q = C% (q+1 \ {b*Z x ) q = b*(xfb*(y) - b*(x)b*(yf. (4.11) 



Proposition 4.3. Let b 6 0^. M^e wriie 6 /or t/ie image of b by Op — > F* 2 . We choose an 

element i £ (Of /n 2 ) x ■ See for the defining equations o/Y 22 and~Y 2 i- Then, b induces 

the following morphism 

b : Y 2j2 -+ Y 2 b 2 ; j,, Z x ) (fi-^, fc" 1 ?,, H^ 1 )^). 

Proof. By (|4.1I) and (|4.10p . we acquire 0*^1 = modulo + . Hence, the required 

assertion follows. □ 

Thirdly, we write down the action of O d on the irreducible components {-^j}(j=(c,/i),j)es- 

2 — 1 —l 

Let yo be an element such that y^ + To =0. We choose an element 71 such that 
7i + 7o + 7 1 ^ 9 7i = 0. Set j\ :— Jx/oq + . Let Xq be an element such that x^yo — a?o2/o = 
7o + 7 1 ^ 9 7i- We choose elements w,wi such that w — 'y 1 /'?^ -1 ) and w\ = y%^ x ^ ql Then, 
we have v(w) — 1/q 3 and v(wi) = l/q 2 (q + 1). We set b*(wi) = wi/a^. Furthermore, for 
j := (xo,y~o) g Sq , we set jo := (a^ Xo,a~Q y~o) £ Sqq. Now, we determine a morphism 
Xj -> Xjj which is induced by 6. 

We change variables as follows as in p. lip 

• Z\ = 71 + wa, y = yo+ w\Z\ 

• 6*Zi =y 1 +w(b* a), b*y=^+ Wl (b* Zl ). 

See subsection [321 for the definition of cq. We set c' := (cq + h()a ^ q+1 \ Then, we acquire the 
following by (|3.13p 

a" + a = (z q+1 - c , (b*a) q + b*a = a~ {q+1) ((b* Zl ) q+1 - c' (mod 0+). (4.12) 

h 2 2 

These equations define the components Xj and X l ° h respectively. On the term x q y — xy q in 
the right hand side of the congruence (|4.6p . we acquire the following congruence 

x q \ - xy qI = C ^yq-t 1 ) = ( mod (V9 2 (5 + !))+)■ (4.13) 
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Therefore, we acquire the following by (|4.6p 

9 + 1 



b*(xy b *(y) - b*(x)b*( y y = ± 7 wa 72 (W^KCWyo) + 2k! (4 . 14) 



modulo 1/q 2 + . On the other hand, we have the following by (|4.10l) 

b*(x) q b*(y) - b*{x)b*{y) q = y + 1 1 ' q b*Z l = -j>\ + 7 1 /« w (6*a). (4.15) 
Hence, by (|4.14l) and (I4.15[) , we acquire the following congruence 

b*a ee «-(WC*i + («i/°o)C (mQd 0+) _ (4 16) 

a o 

On the other hand, by considering the definitions of z\ and b*z\, we obtain the following 
congruence by (14.11) 

b* Zl = af 1 (zi - (^j ) (mod 0+). (4.17) 

In the following proposition, we describe the action of b on the irreducible components 
{Xj}(i.j)es m subsection 3.3. 

Proposition 4.4. Let b = ao + (pbo + ttqi G Og . We choose elements i = (OA) G (Of/^ 2 ) x 
and j = (xo, yo) G $oo- We set jb := (xqciq 1 , yoo-Q 1 ) G 5oo- •S'e 6 {4-l*fy f or the defining equations 
of Xj and . Then, the element b induces the following morphism 

b:X)^ X% ; (a, z y ) 1— > (V (a - (&o/ao)C*i + (ai/3o)0, So _1 (*i ~ (Wao) 9 )) • 
Proof. The required assertion follows from (14. 16)) and (|4.17[) . □ 

4.2 The action of Op on the reduction and {W^j}^)^ (* = 0, 00) 

In this subsection, we compute the action of Op on the reduction (* = 0, 00) and 

\W* j}*=o,oo,(i,j)eS - See Lemma |4~51 and Proposition 14.61 for precise statements. In the follow- 
ing, we use freely the notations in subsections 13.31 and 13.41 But, we briefly recall them used in 
this subsection. Recall that we have the followings on the space Zi 1,0 

V(u) = ~ v[Xx) = —~. ~ ~r , v(X 2 ) = .* v(Yi) = , 1 rr , w(T a ) = 



2' ^ 2( 9 -l)'^^ Vfo-l)'^ 1 ' 2 9 (g-l)' ^ 2g3(q-i)- 

We choose an element k\ such that ^ ^ — it, We set k := «f and 7 := k 9 ^ 1 ) . We write 
7' 2 («- 1 ' for k\ . Then, we have v(ki) = l/2q 4 (q — 1) and 17(7) = (q — l)/2q 2 . We change 
variables as follows u — n q ^^uq, X\ — n q x\, Y\ — n q y\ and X2 — n q x, Y% = ny. We 
choose an element ( G fj, q -i(Op). We set r := (q + l)/2q 2 . 

Let b = ao + (pbo + ira\ G O3 . Recall the definition of b* in (I2.1T[) . Then, we have the 
following congruences by (12.10)) and j~ 1 (X) = X (mod (it, u)) 

b , ( s X - (b a /ao) q ^x q ± HorAo) + ( W+ib^V (mod r+)j (41g) 
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b *(y) = y - (W!2^H! + + (W^)« +1 h-'- + -V (mod {r/q)+y (419) 

a 



Then, the congruences (|4. 18[) induce the following congruence 

b*{x)b*{y) q = Xy9 - ^/ a ^^ q + (bo/ao)xy q2 h^ + (bo/ao^j^ixy^ 

a Q +1 

modulo (l/(? 2 ) + ■ Recall that we set as in (|3.17l) 

Z = (xy q ) q -~f(xy q3 + " 



20) 



y?(9 2 -l) )' 



b*Z = (b*( X )b*(y)r -l{b*{x)b*{yf + ^4^1))- (4 ' 21) 
By (|4.18p , we have the following congruences on the right hand side of the above equality (|4.2ip 
b*(x)b*(yf ee ^ - (W^V^^WV + (-(ai/ao) + (bo/ao) q+1 h^(xy q ) q2 ^ 



and 



C _ , V q - (bo/aoh 1/(q - 1) y q2 + (-(ai/ao) 9 + (bp / 'ay) q+l )l^ y q * ^ 

O+l „3 l 4 - /d J 



aZ +1 b*( y )«(* 2 -i) a*V 

modulo r + . By substituting the congruences (|4.20j) . (|4.22p and ()4.23p to the right hand side 
of the equality (|4.21[) above, b*Z is congruent to the following 

% % v y q J \\ a oJ % 

(4.24) 

modulo (l/q) + . Since we set xy q = 7 +7 1/9 Zi in (|3~2l~j) . we have (C,-xy q ) q2 = (mod (l/2q)+) 
by the choice of 70 in !3.4l Note that we have 70 = C (mod 0+). Hence, (|4.24l) has the following 
form 

6z = ^+T+7*- 1 5+1) )C (mod (l/g)+). (4.25) 

a \ a / 

Recall that we have set Z q — 7 2? Z = £ (mod 1+) in (|3.18|) . On the other hand, we have 
(b*Z) q -~f 2q b*Z = (/a q+1 (mod 1+). We choose an element 7o such that 7^-7^70 = C Then, 
we set 7q := jo/% ■ Then, we set as follows Z := 70 — 79- 1 fx and b*Z := j' — 79-1 6*/i. Hence, 
by fllHD , we acquire b*fx=-^r- ( (°i/°»)'+(°i/yH t o/°o)' + V ( mo d 0+). Therefore, 0* acts 
on 7To(Zi ; i 0) according to the inverse of the reduced norm, under the identification (I3.19[) . 

Now, fixing i — (CjA) (Cf/tt 2 )* = 7ro(Zi,i,o)) we will determine the morphism Tt-y 1 — > 



Z11 , which is induced by b in Lemma 14.51 below. 

2q ~ q 2g 

Let 70, 7' be elements such that 7q = 70 — 79-1 /i and 7' = j' — 79- 1 See subsection [33] 
for more details. By definitions of 70 and 7'g and (I4.25p . we obtain u(7' — 70^0 > l/g 2 . 

Recall that, in (|3.2ip . we set as follows 



xy 



q = 70 + 7 1/9 ^i, b*(x)b*(y) q = T'o + l llq b*Z x . (4.26) 
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Furthermore, we put 

bla (xy) q + a q b xy q 



h(x,y) 



2(9+1) 
J 



Then, by (|4.20l) and (I4.26|) . we acquire the following congruence 

b*Z x = 4ti- l^Kx, V) (mod (l/2g 3 )+). (4.27) 



Recall that we have introduced new parameters Z 2 and b*Z 2 as follows, as in (|3.23l) . 

• 1 1 ' q2 y q2 - 1 Z 2 = Zx- CO/- 1 + iT (,a_1) ), 

• j 1 / q2 {b*yf- 1 b*Z 2 = b*Z 1 - -^{{tfyf- 1 + {b*y)-( q2 -V). 

a Q 

By considering (|4.27l) and the definitions of Z 2 and b*Z 2 above, we acquire the following con- 
gruence 



b*Z 2 = 

a, 



^-7^(^#-^ rT (^y-^- 1) -2^ (9 - 1)(29+1) )) (mod (l/2g 4 )+). (4.28) 



We set as follows 

hi(y) = C{(b q /a 2 q+1 )y- q ^ + (b /a q+2 )y q ^}. (4.29) 
Since we have Z\ = (^{y q -1 +y~( q - 1 -*) (mod 0+), the congruence (|4.28[) has the following form 

b*Z 2 ^4tT~ 7 1/q2{q ~ 1] hi(y) (mod (l/2q 4 )+). (4.30) 



As computed in subsection l3.31 the components Z\ 10 and Z 1 x are defined by the following 
equations respectively 

Z q 2 = Civ" 2 - 1 + y- (q2 - 1] ), (b*Z 2 ) q = ^((yyf- 1 + (b*y)-( q2 -V). 



Then, we have the following lemma. 



Lemma 4.5. Let b G O^ and b the image of b by 0^ — > F* 2 . We choose an element i 6 
(Of /tt 2 ) x . Let * = 0,oo. Then, b induces the following morphism 

Proof. The required assertion follows from (j4~T8|) and (|430)l immediately. □ 

In the following, we determine the action of Op on the components {Wj, }^ j')es where 
each Wj, is defined by the Artin-Schreier equation a q — a = s 2 . 

Let i e {±1}. Recall that we choose 71 such that 71 = t2C{l + 7 1/?2 (tl/C)} 1/2 - Similarly, 
we choose 6*71 such that 



^li = + 7 1/ ^ +1 ^} 1/2 - (4-31) 

On S 



'0 
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Let Dq and xq be elements such that j/g _1 = i/{l + 7 1 ^ 2 '7iC _1 } 1 ^ 2 an d xoUo = 7o+7 1 ^ 9 7i- Wc 
set w := k(i-1)/<i an( } 5* w := ui/ag +1 . Then, we have j/o 6 M2( g 2 -i)- We set yo^ : = j/o/ao £ 
A*2(g 2 -i)- Now, we determine the morphism Wg — > W"^ 6 which is induced by b in Proposition 
EH 

In (|3.26[) . we have changed variables as follows 

Z 2 = 71 + wa, b*Z 2 = 6*71 + b*w{b*a). (4.32) 
Then, by (|4.30l) and (I4.32[) . we acquire the following congruence 

6*(o) = o - ag +1 % (<?+1) ^(yo) (mod 0+). (4.33) 

We choose an element W\ such that 2/0 (C + 7 71)^1 = We set b*yo := yo/ao and 
b*wi :=w±/aQ. As in (|3.26p . we change variables as follows 

V = Va + wiyi, b*(y) = b*y + b*Wib*(yi). 

Then, the congruence (|4.18[) induces the following congruence 

b*{ yi ) = yi (mod 0+). (4.34) 

As proved in subsection 13.41 the components Wg j and Wq 6 - 6 are defined by the following 
equations respectively 

a* -a = yl b*(ay -b*(a)=b*( yi ) 2 . (4.35) 
Then, we acquire the following proposition. 

Proposition 4.6. Let b = a + (fb n + nai £ Cg . We choose elements i — £ F ? x x F, 

and j/o £ H>2(q 2 -i)- We set yob := yo/ao. Let * = 0,oo. See f or the defining equations of 

W*,l/o an d W*y b' Then, the element b induces the following morphism 

b ■■ w l,y -> w * b vob ; (o. J/i ) ^ ( a - Tr v/F 9 (r^) C, yi) • 

Proo/. By g^SJ), we have the following ag +1 y " (<?+i; '/ii(y ) = 1^, 2 /f, (^(aoyo 9 )- 1 )^ in F*. 
Hence, the required assertion follows from (|4.33[) and (I4.34p . □ 



4.3 Action of Op on the components Zi,i, c and {Wl j}(ij) e s ,fceF 5 x 

In this subsection, we compute the action of Op on the reduction Zi,i )C and {W^ j}^ j) e< s j. g f x 
explicitly. Then, we obtain Propositions 14.71 and 14.81 similar to Lemma [4751 and Proposition 14. 6 
In the following computations, we freely use the notations in subsection 13.51 

First, recall that we have the following on the space Zi ; i ]C 

v(u) = i v(X x ) = v{Y x ) = — - v(X 2 ) = v(Y 2 ) ' 



2' v * ^ 29(9-1)' v " ^" 1q\q-l) 

We choose an element K\ such that < - 9_1 * ) = tt. We set k := and 7 := k 9 ^" 1 ) . We write 
7«' i («- 1 ) for an element . Then, we have = l/2q 3 (q — 1) and v(j) = (q — l)/2q 2 . We 



2G 



change variables as follows u = k^^'^uq, X± = n q2 x\, Y\ = n q ' yx, X2 = kx, Y2 = ny. We 
set m = (q 2 + q + l)/2q 3 . As in the previous subsection, we write b = clq + tpbo + irai S O3 . 
Recall the definition of b* in (|2.17[) . Then, we acquire the following congruences by (|2.10[) and 
j-\X) = X (mod (ir,u)) 

x - (bo/ao)^ 1 /^- 1 ^" - ((ai/op) - {b / a () ) q + 1 ) 1 ^ x q " + c(b) K <?- 1 x« i 

b yx) = ^q-j (mod m+J 

a 

(4.36) 

with some element c(b) £ Oe- The same congruence holds for y. The congruence (|4.36[) induces 
the following congruence 

b*(x)%*{y)-b*{x)b*(yY = X9y - Xy9 - (VgoV^V^ ~ x V q2 ) + {ai/^)l^{x q y - xy q ) q 

(4.37) 

modulo (2q + l)/2q 3 + . On the other hand, we acquire the following by (|4.36|) 

b*(xfb*(y)~b*(x)b*(y f ee 

(x q3 y - xy q3 ) - {bo/ao^/^-^ix^y - xy q2 ) q - ((ai/a ) - {bo/ao) q+1 ) 1 ^ (x q y - xy*)? 

n q+1 
°o 

(4.38) 

modulo m + . We set as follows 

Z := (x q y-xy q ) q - ^(x^y - xy q3 ) (4.39) 

and 

b*Z := ((b*x) q b*y ~ b*x(b*y) q ) q - 7^ ((b* xf b* y - b*x{b*yf ). (4.40) 

Recall that we have Z q - 7 2 <J+ 1 Z ee 7 ^C (mod (^r)+). Hence, by (|437| and fOg]) . the 
following holds 

6*Z ee g + (( ai / a °)' + ( ai / fl °) ~ (W«o) <?+1 )7^(^2/ ~ xy q ) q2 (mQd pg + l ^j |} (4 41) 











Therefore, we have (6*Z)« - 7 2 « +1 6*Z ee 7~^ft (mod (2£±i)+). Then, wc have v(b* Z) = 
v{Z) = l/2q\ 

We choose an element 70 such that 7^ - 1 i 2q + 1 )/ q x f0 = 7 V(«-i)£. We set 7 ' = 7o/ao +1 - Wc 
write 7q = Z and 7 'q = b*Z. We set 



Zi = x q y - zy*, 6*Zx = b*(x) q b*(y) - b*(x)b*(y) 

Note that we have v(b*Zi) = v(Zi) = l/2q 3 by (|4T39|) and (|440| . because of w(Z) = u(6*Z) 
l/2q 2 . We have the following 



a; 9 y — xy 

y q 



q2 = -^L + y^-V Zx ee (mod (l/2o 3 )+). 



Therefore, we acquire the following by (|4.37[l 



b . Zi , (l-tWT^l^ (mod((g + 1)/2g3)+ , (4 , 2) 
a 
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Furthermore, we introduce new parameters Z and b*Z as follows 

Zi = 70 + y q2 - 1 l 3 ^ll' q + y^^ji^Z (4.43) 

and 

= y + (fo^) 9 ' 2- ^^^ 79 + (6*j/) 92_1 7^(^'6*Z. (4.44) 
Then, by (|4.36[) . on the right hand side of (|4.44j) . we acquire the following congruence 

^/^W" 1 - Wg+1 ^>" 2 ' 1 +C7^ (^t)/ + - 2 (mod ((,+ l)/2g3) + ). 
Hence, by (|4.42l) . we obtain 

™ - J* ~ + ^Tl) (™ d (4.45) 

Since Z\ — x q y — xy 9 = (mod 0+) by (|4.43j) . we acquire x = Cy with ( e F^. Note that 
Zi i: l iC has q(q — l) 2 connected components. Let {Z 11 j}^ i j- )e ^ ¥ x x¥ ^ xF x denote the connected 
components of Zi,i, c - The group acts on j 6 F* trivially. The group 0^> acts on i = 
(C, A*) G F* x F g according to the inverse of the reduced norm. Assume that we have x — Cy 

with ( G F* . As computed in subsection 13.51 the components and Z^ij are defined by 

the following equations 

z q = ay' 2 - 1 + y- (q2 - 1} ), (b*zy = 4+1^^ + y~ (q2 - 1] ) 

respectively. Therefore, we acquire the following proposition by (|4.45p . 

Proposition 4.7. Let b 6 and 6 f/ie image of b by — > F* 2 . We choose elements 
i G (Oi?/7r 2 ) x and j G F*. Then, the element b induces the following morphism 

Let {Wj fc} ie jf>< X f jgf-x fe e/J 2 be the irreducible components defined by the Artin-Schreier 

equation a q — a = s 2 . In the same way as Proposition ^. 61 we acquire the following proposition 
by (|4~35f and (|Q5]1 . 

Proposition 4.8. Let b = ao + ipbo + aiir G Og . We choose elements j G F*, i — (C,fi) G 
F* x F 9 and yo G A*2(g 2 -i)- W e se ^ 2/o^ : — yo/ a o- Then, the element b induces the following 
morphism 

b ■ W lvo -> ^06 i («■ I/O ^ (0 - Tr F?2/F , (r^) C, ■ 

5 The action of G\ on the components in the stable re- 
duction of X(tt 2 ) 

In this section, we determine the right action of Gf on the components Ya,2, G <S), 

Zi,i,o, Wj k for (i, j, k) G S\. First, we prepare some notations used through this section. For i G 
(Op/ir 2 ) x and g G Gf\ we set ig := det(g) x i. It is well-known that, under some identification 
ir (X(ir 2 )) ~ (O f /vr 2 ) x , the group Gf 9 g acts on ^(^(tt 2 )) by i h4 15. See Theorem l2~5l For 
an element a G Of/tt 2 , we write a = ao + a\it with ao G fj,g-i(Op), a\ G /i g _i(Oi?) U {0}. 
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5.1 Action of on Y 2 ,2 and {Xj}(jj) e5 

In this subsection, for each i G (Op /ir 2 ) x , we determine the action of on the components 
Y 22 and {Xj}j eS i o explicitly. See Lemma \5. 2 1 and Proposition 15.31 for precise statements. In 
the following, we use freely the notations in subsections 13.11 and 13.21 



Let<?:=( h ?t h ll ) eGf.Let(X 2 ,y 2) u)eY 2i2 andX 1 :=[ 7 r] tt (X 2 ),y 1 := 



Co + Cl7T C?o + dlTT 

Mm (^2)- Then, the element 5 acts on the Drinfeld basis (X 2 ,i 2 ) as follows 

^2 H- [ (^2) ~Tli 1^1 lit 

(*i) 

^2 >-> [bo] u (X 2 ) + u [do] u (Y2) + u [bi] u (Xi) (Yi). 

We choose an element k\ such that k\ ^ q 1 ' = 7r with i>(ki) = 1 /g 3 (q 2 — 1). We set k := fcf and 

7 := _1 ) with 17(7) = (q — l)/q 2 - We write 7 g(g 2 -i) for an element k^" 1 . In subsection 

3 / 1 \ 2 2 

2.3, we change variables as follows u = n q (q ~ >uq, Xi — n q X\, Y\ = n q y\, X2 — kx and 

Y 2 = ny. For a, b G Op, we set as follows 



Then, we acquire the followings by (12.51) 

= a a x + c a y + K q2 ^ {{aix + ciy) q ~ + f ao . CQ (x. y)} (mod (l/q 2 )+), 

g*(y) = b x + d y + ^-^(hx + d iy ) q2 + f bo . do {x,y)} (mod (l/g 2 )+). (5.1) 

Note that if char F = p > 0, or char F = and ep/Q p > 2, the terms f*,*(x, y) in ()5.1[) do not 
appear. We set as follows 

g(x, y) := {{a x + c a y)(bix + diy) q - {a\x + ciy) q {b x + d Q y)} q G O f [x, y] 

and 

h(x,y) := (a x + c a y) q {b\x + diy) q - (a x x + ciy) q (b x + d a y) q G F [x,y]. 
Furthermore, we put 

Go{x,y) := (a x + c y) q f boAt (x,y) - (b x + d y) q f a ^ Ca (x, y) G <D F [x,y], 

Gt(x,y) := {a x + c y) q3 f baAo {x,y) - {b x + d Q y) qi f aa , co {x,y), gi(x,y) := G (x, y) q - Gi(x, y) 

x q2 y q -x q y q2 -{ X q y- X y q ) q det(.g) - det(g) q 
Jo(x,y) := , aet(g) := a d - b c , k := . 

Then, we acquire the following congruence by (|5.1I) 

g*(x) q g*(y)-g*(x)g^y) q ^det(-g)(x q y-xy q ) + K q2 - 1 {g(x,y) + G (x,y)} (mod (l/q 2 )+). (5.2) 

We choose an element £ G fJ, q -i(Op). Recall that we set in (|3.4[) 

Z := {x q y - xy q ) q - j(x q3 y - xy q3 ). 

Then, we acquire the following Z q - -fZ = ( + p(f (x q , y q ) q - fo{x q ,y q )) (mod 1+). We put 
Z = 70 — 7 <? /( <? ~ 1 )c. Furthermore, we set fi := f (x q ,y q ) + c. Then, we obtain [i q = p, (mod 0+). 
Similarly as above, we set 

g*Z := (g*(x) q g*(y) - g* {x)g* {y) q ) q - ~f(g*(xf g*{y) - g* (x) g* (yf ') 
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&udg*Z := det( 5 )7 - 7 «/(« 1 ) 5 *c. Moreover, we put gr*/z := .g*c+/ ((a a; + co?/)9, (b x + d y) q ). 
Then, we obtain (g* fj,) q = g*/i (mod 0+). By f)5 . 1 [) and (|5.2p . we acquire the following by a 
direct computation 

g*Z = det(g)Z + 1 i/^-V{g(x 7 y)i-h(x,y)+g 1 (x,y)} (mod (l/«)+). (5.3) 

We set 

7(5) := -aid - a dx + bic Q + b ci. 

We can easily check that 

g(x, y) q - h(x, y) = "f(g)(x q y - xy q f = j(g)C (mod 0+) (5.4) 

and 

9i(x, V) = fo((a x + c o2 /) 9 , (b x + d Q y) q ) - h{x q ,y q ) - k Q (x q y - xy q ) q2 (mod 0+). (5.5) 
Hence, we acquire by (I5.3[) . (|5.4|) and (|5.5[) 

= det(s)/x - {7(5) - k Q }C (mod 0+). (5.6) 



Lemma 5.1. W choose the identification 7To(Y2,2) — (0_f/7t 2 ) x in Then, the group G% 

acts on the set ir (Y 2 ,2) by det : Gf -> (Of/tt 2 ) x - 

Proof. The required assertion follows from (|5.6p and the identification Q3.7[) immediately □ 

Now, fixing an element i = (C,,p) £ (Of /tt 2 ) x , we determine the morphism Y 2 2 — ^ Y 2 9 2 
which is induced by g in Lemma 15.21 



We choose an element 70 such that 7q — 7^70 = C Furthermore, we choose an element 70 
such that 7g =70- We recall that we set in (13.81) 



Tfly - xy q - 70 + 7 1/9 ^i, 9*{x) q g*{y) - g*{x)g*{y) q = det^o + 7 V V^i- 
Then, by (|5.2[) . we obtain the following congruence 

g*Z 1 =det(g)Z 1 + 1 1 M q - 1 \g(x,y) + G (x,y)) (mod (l/q 3 )+). (5.7) 

Recall that the components Y 2 2 an d Y 2 9 2 are defined by the following equations respectively 
• x q y — xy q = Ct Zf = x q y — xy q , 

. g*(x) q g*(y) ~g*(x)g*(y) q = det(g)(, (g*Z 1 ) q = g*(x) q3 g*(y) - g*(x)g*(y) q3 . 
Then, we have the following lemma. 

Lemma 5.2. Let g = ( a ° + ° l7r b ° + h } 7T ] E Gf . We c/ioose an element i <= (Of/ 71 " 2 ) * • 



C + Cl7T d + d\ix 
Then, g induces the following morphism 



Y 2,2 ~> Y ^2 : ( x > 2/> ^1) ^ ( a o^ + coV, b x + d Q y, de%)Zi). 
Proof. The required assertion follows from (15.11) and (15. 7[) immediately. □ 
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We choose an element 71 such that 7i + 70 + 7 1 ^ 9 7i = 0. Let yo be an element such that 
j/q _1 + 7q _1 = 0. We choose an element x such that x^y — x y^ =70 + 7 1/ ^ 9 7i- Recall that 
we set w := 7 1 /o , («- 1 ) and 101 := yo7 9 ■ Then, we have v(w) = 1/g 3 , v(wi) = l/q 2 (q + 1). 
We set j := (So, yo) G ^oo and jg := (ciqxq + coyo, &o£o + doyo) G iSqq. Now, we determine the 
morphism X* — >■ which is induced by g in Proposition 15.31 below. 



As in (|3.11[) . we change variables Z\ = 71 + wa, y = yo + WiZi. Then, we acquire the 
following defining equation of X^ by (|3.13[) 

a q + a = (z q+1 ~ c (5.8) 

where c := n - f{x q ,yl). 

Let g*{yo) ■= boxo + doyo an d g*w\ :— g*{yo) q uii. Furthermore, we set g* Z\ = det(y)7i + 
wg*(a) and g*(y) := g*(yo) + 9*w\g*(zi). Then, similarly as (|5.8[) . we acquire the following 
defining equation of Xj g 



g*{a) q + g*(a) = det(g)((g* Zl ) q+1 - g*c . (5.9) 
Here, note that we have the following 



g*c = det(g)c + det(g)/ (x5, yl) - fo((a xo + c yo) 9 , (^o^o + d y ) 9 ) - (7(3) - k )C- 



By (|5.1|) and (|5.7|l . we acquire the following congruence 

g*(a) = det(g)a + g(x , y ) + G (x , y ), g*{z 1 ) = z 1 (mod 0+). (5.10) 

Note that we have g{xo,yo) = —h{xo,yo) and hence 7Q7X = g{xo,Vo) q + g(xo, yo) modulo 0+ . 
We also have Gi(x ,y ) = -G (xq, yo) and hence Gg (x , y ) + G ( x , y ) = -k ( + fo((a x + 
c oyo) q , (boxo + doj/o) 9 ) — /o(^0' 2/o) ( m °d 0+) by (j5.5[) . Hence, by ()5.10p . we easily check that 
0* (a), g* (zi)) satisfies (f5T9|l . 

As a result of the above computations, we acquire the following proposition. 

t-. ... -r. t , /&0 + &17T fon + fol 7T \ » r /- _\/T 

Proposition 5.3. Let g := eG,. Let g(x,y) := Uaox + coyjlbix + 

y Co + ci7r do + a\Tx J 

d\y) q — (dix + c~iy) q (box + doy)} q G F g [x, j/]. We define two polynomials with coefficients in Op 
f ab (X,Y) := — — (ax + fry) ^ G Q {x,y) ._ (a Q x+coy) q f bo ,d (x, y)-(b x+doy) q f ao ,c {x, 

TT 

for a,beO F . Let j = (x , y ) G 5^ . VKe set := (a x + c y , Mo + d~oVo) G S^See gUfy 
and 115. 9]) for the defining equations of Xj and X % - a g . We set f(j,g) := g{xo,yo) + Go(xo,yo)- 
Then, g induces the following morphism 



g:X)^ Xf g ; (a, z x ) ^ (det(ff)a + f(j,g), z x ). 
Ln particular, we have Go{x,y) — i/char F > 0, or char .F = and ep/q p > 2. 

Proof. The required assertion follows from (|5.10p immediately. □ 



Remark 5.4. For f{j,g), we have f(j,gig 2 ) = det(g 2 )/(j, 3i) + f(j 91,92) for 31,52 G G 
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5.2 Action of on Zi )1>0 and {VKoj}(ij)e5 

In this subsection, we compute the action of G% on the components Z^i.o and f° r 
£ 5o explicitly in Lemma 15.51 and Proposition 15.61 In the following computations, we 
freely use the notations in 13.31 and 13.41 Recall that we have on the space Z^i o 



v{u) = \> v(Xl) = v{x " ] = WW^Ty v{Yl) = m^Ty v{Y2) = • 

We choose an element K\ such that K 2q ^ 1 ' = tt. We set K :— n\ and 7 := n\ ^ 1 - ) . We have 
v{k\) = l/2q i (q — 1) and v(j) = (q — l)/2q 2 . We write ^yi' J (q-i) for nf" 1 . We change variables 
as follows u — K q (i^^uq, Xi = n q x%, Y\ = n q y\ and X 2 — n q x, Y 2 — ny. We choose an 
element C €E A^-i^f)- See subsection 13.41 for an element 70. 

Let B C Gf be a subgroup of upper triangular matrices. Let il X C Gf be the inverse image 
of B by Gf — > Gf . The stabilizer of Zi 10 in Gf is equal to it* . 

In the following, for an element i — (£, p,) G (Of /ft 2 ) x , we determine the morphism Z x x — > 
Till which is induced by g G it in Lemma 15.51 below. 

T , ( a, + aiir b + biir \ n x . . 

Let , , G it . I hen, we acquire the following congruences 

\ ClTT do+dx-K J 

g*(x) ee aox + c l7 1/(9 -V 2 (mod (l/2q 2 )+), g*(y) = d y + bol 1,q(q ~ 1] x (mod (l/2g 3 )+). 

(5.11) 

The following congruence holds by (|5.11[) 

g*(x)g*(y) q = a d xy q + 7V&-1) (c 1 d y q(q+1) + aob x q+1 ) (mod (l/2g 2 )+). (5.12) 

Recall that we have set xy q = 70 + -i 1,q Zi and g*{x)g*{y) q = a d 7 + 7 1 /«( 5 *Z 1 ) in (|3~2"Tj) . 
Moreover, we put h(x,y) :— cid y 9 ^ +1 ^ + aob x q+1 . Then, the congruence (|5.12[) induces the 
following congruence 

g*Z 1 = a doZ 1 + 7 1 M?-i)ft( x , y) (mod (l/2g 3 )+). (5.13) 

We recall the following equality in (|3.24[) 

y q2 ~ 1 l 1/q2 Z 2 = Z X - f V~' - (y-^l (5.14) 

We have a similar equality for (g* Z x ,g* Z 2 ,g* (y))- By (|5.11f) . (|5.13j) and (|5.14p . we obtain the 
following 

g*Z 2 ee a d Z 2 + 7 1/92( ^ 1) 5 (^, v) (mod (l/2g 4 )+) (5.15) 



where we set 



g(x,y) := y-^{h(x,y) + ^(Z" 1 - ST^) }• 



As computed in 13.31 the components Z\ 1 and Z^ are defined by the following equations 
respectively 

Z q 2 = CV" 1 + ^ (?2 - 1} ), (9*Z 2 ) q = aodotitfyf- 1 + {g*y)- {q2 ~ l) ). 
Then, we have the following lemma. 
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Lemma 5.5. Let q = ( a ° ^ ai7r -° ^ l7r | g £1*. choose an element i G (0f/7t 2 ) x . 
Y ci7r cf + o(i7r y 

Then, g induces the following morphism 

z i,i,o ~> ^1,1,0 '■ (y, z 2) ^ (doy,a doZ 2 ). 
Proof. The required assertion follows from (|5.1ip and (|5 . 15[) immediately. □ 

We choose elements 71, ?/o such that 7? = t,2({l+~/ 1 / q2 (7i/C)} 1/2 and _1 = (1+7 i/^^ l/c)) i/2 

where t G {±1}- We set w := y^ +1 n( q ~ 1 ^ q and choose W\ such that j/g _3 (C + 7 1 ^ 9 " li)w\ = w q . 
Then, we have v(w) — l/2g 4 and v(w\) = l/4q 3 . Set x :— jo/Vo- We choose a 2-th root 
(ao/do) 1 / 2 of a /do- Furthermore, we put g*w := d^w and g*w\ :— do(d / ao) 1 / 2 ?^. We have 
Vo G A i 2(g 2 -i)- Put yoff := doVo G M2( g 2 -i)- Now, we determine the morphism W^ W 7 ^ 
which is induced by g in Proposition 15.61 below. 



As in p.26[) . we change variables as follows 

Z 2 = 71 + u ' a ; 2/ = Vo + wisi. 

(resp. 

(7*Z 2 = a d 7i + g*w(g*a), g*(y) = d yo + g*Wx(g*Sx).) 
By (|5.11j) and (|5.15|) . the following congruences hold 

g*a = (%)a+ ( mod 9**i = (a Q /d ) 1/2 Sl (mod 0+). (5.16) 

Furthermore, we obtain the following g(xo,yo) = cido2/o +1 + a o^o2/o ^ q+1 \ 2 (mod 0+). Hence, 
we acquire the following by (|5.16l) 

g*a = (a /d )(a + (cj/oo) + (b /d )((/y q +1 ) 2 ) , g*si = (a /do) 1/2 Sl (mod 0+). (5.17) 

As computed in subsection 13.41 the components Wq^ and W^y og with yog = doyo are defined 
by the following equations 

a q -a = s 2 , (g*a) q - g*a = {g* Sl ) 2 (5.18) 
respectively. Then, we have the following proposition. 

Proposition 5.6. Let q = ( a ° ^ ai7r ^° ~j~ ^ 1?r ] g , ^ e consider the components 

\ Cl 71 " «0 + d\7T J 

^Wo y' }(i',y' )£S - We choose elements i = (£, «) £ F ? x x ¥ q and ?/o G t l 2(q 2 ~i)- Furthermore, we 

set yog := do^o- <See 15. 7^ ) /or i/ie defining equations ofWy y Q and WjJ^ fl . Then, g induces the 
following morphism 

g : Wl yo WSf^ ; (a, s) ^ ('(a /d )(a + (i*/ao) + {b a / d a ){Q/ y q+1 ) 2 ) , (a M,) 1/2 si) . 



Proof. The required assertion follows from (j5.17[) . □ 
Remark 5.7. The canonical map Gf — > Gf induces the following bijective Gf /it ~Gf/B, 
c d 



Let g := ( ^° ^° ) G Gf . Then, we consider the right Gf -action on P x (F g ) E [x : y] by 
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[x : y] h- >■ [aox + coy : fro^ + doy]- The stabilizer of [0 : 1] in Gf is equal to £?. Hence, we 
obtain bijectives Gf/H* ~ Gf/5 ~ P x (F g ) by [ 5 ] h-> [0 : 1] 5 = [c : do]. We set S 2 := 
(Op/ir 2 ) x x H2{ q 2 -i)- In the following, we consider the components Z\ l tt and {W* j/ D }(i,j/ )eS2 
for * G P 1 ^) in EH I3H and Then, Gf acts on the index set * G P^F,) by * ^ *g. 
Clearly, this action is transitive. As mentioned at the beginning of this subsection, for each 

i G (Of/tt 2 ) x , the stabilizer of the components Z x x and {Wj}y }(j il/0 ) e s a in Gf is equal to 
it . Hence, we acquire the following isomorphism as a Gf -representation 

H\w;f yQ M)^ lnd§H\W^ yo Mi) (5-19) 

(«j,yo)e<Si (hyo)eS 2 

with Z 7^ p. Hence, to understand the etale cohomology group in the left hand side of (|5.19[) , it 
suffices to understand H 1 (W l 'y g , Qj) as a II* -representation. 



6 Inertia action on the components in the stable reduc- 
tion of X{n 2 ) 

In this section, we determine the right action of inertia on the components Y2.2, Xj ((i, j) G S), 
Zi,i,o> k for k) G <Si. First, we prepare some notations used through this section. For a 
finite extension L/F, we have the Artin reciprocity map sll '■ Wf° L x , which is normalized 
such that the geometric Frobenius is sent to a prime element by this map. Then, for an 
extension L/K, we have &k = Nr L / A - a L- Let LTl denote the formal O^-modulc over C^ ur , 
with LTl ® fc ac of height 1. For n > 1, let 7r„ L G LTi[7r£](C) be primitive 7r™-torsion points. 
Then, by the classical Lubin-Tate theory, we have the following equality 

0-(7r nji ) = [a.L(a-)]jjT L (%n,L) (6-1) 

for any n > 1, a G /f; b . 

We consider a case L — F. We denote by the same letter a F for the composite 



a F : If *-►* O f -> (Of A 2 ) x . (6.2) 



We write a F (cr) = (CoO), A (ct)) G (0 f /vr 2 ) x ~ F x x F 9 . Then, by (|63]) . we have the followings 



Co(o") = cr(7ri)/7ri, A (ct) = 



7Ticr(7r 2 ) - cr(7ri)7r 2 



c(7Tl)7ri 

For i G (Of/tt 2 ) x and cr G /p, we set zcr := (cr)" 1 x i. It is well-known that, under some 
identification tto(X(tt 2 )) ~ (Of/^ 2 )*, the inertia Ip ^ cr acts on ttq(X(tt 2 )) by i 1— > icr. See 
Theorem E5l 



6.1 Action of Inertia 

We will recall the right action of inertia on the stable model of a curve over F from [CM2, 
Section 6]. Note that the inertia action considered in loc. cit. is a left action. In this paper, 
we want to consider the right action. Hence, the (right) action of inertia is characterized as in 
(IQl) . 
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If Y/F is a curve, and y its stable model over C, there is a homomorphism wy 

w Y :I F = Gal(C/F ur ) -> Aut(^). (6.3) 

It is characterized by the fact that for each P G Y(C) and a £ Jp, 

cr-^P) = (P)wy(cr). (6.4) 

We have something similar if Y is a reduced afhnoid over F. Namely, we have a homomorphism 
wy ■ If — > Aut(Yc) characterized by (|6.4p . This follows from the fact that Ip preserves 
A(Yc)° (power bounded elements of A(Yc)) and A(Yc) v (topologically nilpotent elements of 
A(Y C )). 



6.2 Inertia action on Y 2 ,2 and {Xj}^ e s 

We determine the right action of the inertia on the components Y 2i 2 and {-^j}(i,j)es using 
()6.4p . These components are computed in subsections in 13.11 and 13.21 

In the following, we use the notations in 13.11 and 13.21 We briefly recall them. Let n\ be an 
element such that k\ ^ ~^ = n. We set k := n\ and 7 := K^ q " 1 )(9 3_1 ). We write 7'(« 2 - 1 ) for 
. We fix an element £ € /i 9 -i(C>f). Moreover, we choose elements 70, 70 and 71 such that 

7p — 7 9 7o = Cj 7o — 7o an d 7^ +7o+7 1 ^ 9 7i = Let y be an element such that y^ ~ 1 +Jq~ 1 = 0. 
We set w := 7 1 /<?(?-i) an d Wl := yi^i/tf-i) _ Then, we have u(io) = l/q 3 , = l/g 2 (g + l). 

Let £0 be an element such that x^yo — xo2/o = 7o + 7 1 ^ 9 7i- 

Lemma 6.1. Let the notation be as above. Let a G If- We write o~{k) = with some 
Co- G fig2rga_iy We choose elements i = (C)A) G (^f/ 71 " 2 )* and j — (xo,yo) € iSqq. VFe set 
j<r := (£~ 1 xo, Cct 1 yo) £ ^oo- Furthermore, we set as follows 

_ c(7i) - 7i , <K7o) - 7o 
a ° : - w ' d ° 7 i/(?-D ■ 

iVof e f/ia£ we /ia«e ao G F,j2 , do &¥ q and a,Q + o,q + do = 0. 

1. The element a induces the following morphism 

2. The element a G If also induces the following morphism 

X) X% : (a, Zl ) 1 ^ (C (9+1) (a - ao - 

Proo/. Let a e I F and P G Y 2)2 (C). First, note that we have X 2 (o- 1 (P)) = o- 1 (X 2 (P)). 
Since we have X2 — kx, we have x(a~ 1 (P)) — C ta ^ 1 a^ 1 (x(P)). The same thing holds for y. We 
consider the followings by (|3.8j) 

. x(P)"y(P) - x{P)y(Py = 70 + 7 1/9 ^i(-P), 

. zOr-HP))^- 1 ^)) - x(a- 1 (^P))2/(a- 1 (P))« = C^ (9+1) 7o + 7 1/9 ^i(^ 1 (^))- 
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By applying a 1 to the first equality, we acquire 

Zx{o~\P)) = Ca {q+1) (^ 1 (Z 1 (P)) - wd ). (6.5) 



Note that we have d n = (70 - <J- 1 {lo))h 1/{q ~ 1) ■ Since we have y(cr" 1 (P)) = £~ 1 a~ 1 (y(P)) = 
(~ 1 y(P) (mod 0+) and a~ 1 (Z(P)) = Z(P) (mod 0+), the required assertion 1 follows from 
(|6.5p . We prove the assertion 2. We consider the followings in (|3.11[) 



Zi(P) = 71 + wa(P), Z!{a- l {P)) = C (9+1) 7i + wa{o--\P)). 
By applying er^ 1 to the first equality, we obtain the following equality by (|6.5[) 

a^-^P)) = Q-^ +l \a- l {a{P)) - a - d ). 

Hence, by a^ 1 (a(P)) = a(P) (mod 0+), we acquire a(a) — Q a ^ q+1 \a — a — d Q ) (mod 0+). On 
the other hand, we consider the following equalities induced by (|3.11l) 

y(P) =y Q + wMP), l/(er- x (P)) = C^o + C^z^-^P)). (6.6) 

We easily check y(a- 1 (P)) = C'V-^P)), ^(^(P)) = zi{P) (mod 0+) and a^wi = 
Ccr ^ W\ (mod 0+). Hence, by applying cr _1 to the first equality in (|6.6p . we acquire 

zilp-^P)) = Ql- 1 {u- 1 {w 1 )/w l )u{z 1 {P)) = Zx(P) (mod 0+). 

Hence, we obtain the required assertion. □ 

In the following, we rewrite Lemma IBTT1 as in Corollarv l6.2l Let E/F denote the unramificd 
quadratic extension. We choose a model LT# such that 

[7t] LTe (X) = txX-X*\ 

We consider the following composite 

3-E Lab 

a B : If ~ if ^ O e ^ {OeI^Y - F£ x F q i 



a f — ^ (C(a), \{a)) = ( ( , ( ^eo^e) - ^i eWe 

By ap = Nie/f a E, we have C( cr ) <3+1 = Co(c) and A(cr) l? + A(cr) = A (cr) for er G Ie- 

Corollary 6.2. Let a E If- Then, the element a acts on the set of the connected components 
7To(Y2 i 2) as follows 

i-= (C,A) ^io-= (Co(cr) _1 C,A- Ao(ct)C). 
T/ie element a E If CLcts on Sq as follows 

j ■.= (x ,yo) ^ jo- ■■= (C{o-y 1 x Q ,c(o-y 1 yo)- 

Moreover, a acts on the components {Afjj^^gs as follows 

-:-V; >.V;;: (a, zi) ^ (C(<y)- {q+1) (a + \(v)Q, *i). 

Proof. Clearly, we have ( a = ((a) in F* 2 . By 7^ - 7^70 = C, To = 7o and 7? + 7 1/<z 7i + 70 = 0, 
we easily check that Jo = — Ao(c)C and Sq = \(cr)( in W q 2. Hence, by A(ct) 9 + A(er) = Ao(cr), we 
acquire do + do — ^A(cr)£. Therefore, the required assertion follows from Lemma IBTTl □ 
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6.3 Inertial action on Zi >1>0 and {W / o,j}(*j)e5o 

In this subsection, we determine the action of inertia on the components Zi^ o and Wq j for 
£ Sq in the same way as in the previous subsection. We use the notations in subsections 
EU and EU freely. 



We briefly recall the notations in subsections 13.31 and 13.41 We choose an element k\ such 
that n 2 1 qi(q ~ 1) = 7T with v(m) = l/2q 4 (q - 1). We set k := k\. We set 7 := k^" 1 ^ with 
v (l) = (? — l)/2<7 2 - We write 7« 2 ('-') for «f _ . Let £ £ ^i ? _i(Of). We choose elements 71 and 
y such that 7l 9 = t2C{l + 7 1/<z2 (7^) } 1/2 and yg" -1 = + J 1/q2 ( f)} 1/2 with t £ {±1}. Set 

w := y^ +1 79 5 Tg r TT . Furthermore, we choose an element w\ such that j/q _3 (C + 7 1 ^ 9 71)^1 — w<1 ■ 
Then, we have v(w) = l/2q 4 and v(wi) — l/4q 3 . 

Lemma 6.3. Let a £ Ip. We write <t(k) = Ci K with C,\ £ (J-2q 3 (q~i)- choose elements 
i = (C)A) £ (C_f/tt 2 ) x OTid j/o S / i 2(g 2 -i)- j/oc : = Ci Vo- Furthermore, we set 



cr(7i) - 71 



a := , b := a(w)/w, c := a{w{]/w 1 . 



w 

Then, we have clq g F ? , 60 £ {il} an <^ c o = 
1. Then, a induces the following morphism 

U. T/ie element a induces the following morphism 

W o,yo : (a- s ) ^ ( & o ^ - «o, c^s). 

Proof. We prove the assertion in the same way as in Lemma T6. II We omit the detail. □ 

We prepare some notations. Let £ £ F* and yo £ /i2(q 2 -i)- We consider an element a := 
(C/?/o +1 ) 2 *= • Let " e Mg-l(C-p) denote the unique lifting of a. Let fii be an element such 

that a\ = a. We set t := ai7« rrT and E\ := Then, E±/F is a totally ramified quadratic 
extension and t is a uniformizer of E\. Moreover, we have t 2 — air. Clearly, we have v(t) = 1/2. 
We choose a model of LT p 1 such that 

{t] LTEi (x) = tx-xi. 

We consider the following composite 

B-E 1 I jab 

a Bl : i£ — ^ -»• (<WO X ~ F* x F 9 (6.7) 



(C( cr ):A(cr)) := (o-(7ri,Bi)/7Ti,£;i, 



Then, by Lemma 16.31 we obtain the following proposition. 

Corollary 6.4. Let a g Ip 1 . We choose elements i = (C>A) £ (Of/ 71 " 2 )* and yo £ ^(q 2 -!)- 
We set y~Q(T := e(cr) _1 yo £ A*2(g 2 -i)- Furthermore, we set 
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Then, the element a acts on the components {Wq y }(i,y )gs as follows 
Proof. We have the following congruence by the definitions of tt^Ei for i = 1, 2 



7ri )El (r(7r| jBi ) - ^^17(^1,^) = t(<7(7r 2 ,Bi)7ri,Bi - o-Cti.bJ^.Bi) (mod 
By this, we check the following by the definition of 71 



V%-i) 



Hence, the required assertion follows. □ 



7 Analysis of cuspidal part in the etale cohomology of the 
Lubin-Tate space ^(tt 2 ) 

In this section, we investigate the cohomologies of the curves in the stable reduction of X(tt 2 ) 
using the explicit descriptions of the action of O3 , Gf and Ip given in the previous sections. 
Recall that the components {Xj' c }(i,j)£S> with each having an affine model X q + X = Y q+1 , 
and the components {M /r jfc}(i,j.fc)es 1 , with each having an affine model a q — a — s 2 , appear in 
the stable reduction of X(ir 2 ). See Propositions 13.21 13.41 and 13.61 We set 

W:= H\xfM{), W':= H\W]%Mi) 
(i,j)es (*,i,fc)esi 



with p ^ I. The dual graph of the stable reduction X(jr n ) is known to be a tree. For example, 
see |W3| Proposition 3.4] for this fact. Because of the fact, these spaces W and W are direct 
summands of H 1 (X(ir 2 )c, Qi)- Furthermore, we can easily check that these subspaces W and 
W are G := Gf x O3 x /^-stable. Note that the group G acts on the spaces W and W 
on the left. In this section, we analyze these representations by using the explicit action of G 
on W and W . See Proposition 17.31 2. Corollary 17.41 and Corollary 17.91 for precise statements. 
As a result, we know that the local Jacquet-Langlands correspondence and the ^-adic local 
Langlands correspondence for unramified (resp. ramified) cuspidal representations of GL 2 (i 7 ') 
of level 1 (resp. of level 1/2) are realized in W. (resp. W'.) See 17.31 for more details. 



7.1 Analysis of the etale cohomology of the components {Xj' c }^ j) g5 

In this subsection, we analyze the following etale cohomology group of the components {X^ c }^ ,j)gs 
computed in subsection 13.21 

W:= H^X}",®,) 

as a G-representation. As a result, for unramified cuspidal representations of GL 2 (F) of level 
1, we will check that the local Jacquet-Langlands correspondence and the local Langlands 
correspondence are realized in W. See 17.31 for a precise meaning of this. 
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Let 5 00 9 = {(x ,Vo) 6 (fc ac ) 2 | £ := x q y - x y% G F g x , ^ 1 = y q 1 = -1}. Then, we 

F X 2 

have S = ¥ q x S Q q . Let Xi be a projective smooth curve with an afhnc equation X q — X = 
£(Yi(i +1 > — Y q+1 ). The curve Xi has q connected components, and each component has an 
affine model defined by X q + X = £Y q+1 — c with some c G ¥ g . Then, W is written as follows 

W~ H^Xt,®,) (7.1) 

as a Qj- vector space. Since we have \Sqq \ = |GL 2 (F ? )| = q(q 2 — — 1) and dim H 1 (X i , Qj) = 
g 2 (g — 1) for each i, we have dim W = g 3 (g — l) 2 (g 2 — 1). 

Now, we write down the right action of G on the components {Xi} T x . This action 

induces the left action on the right hand side of (|7.1|) . Then, it is not difficult to check the 
isomorphism (|7.1[) is an isomorphism as a G-representation. 



Gf -action First, we recall the action of Gf given in Proposition l5.3l Let g 



a + aiTi b + b\ 
C + Cl7T d + d\ 



G2 with a,j,bj,Cj,dj G fj, q -i(Op) (j — 0,1). Then, g € Gf acts on <S J as follows, factoring 
through Gf , 

5 : i ■= {x ,y Q ) ^ ig := (a Q x + c yo,b XQ + d y Q ). (7.2) 

„ F x 

Of course, this action of Gf on S q is simply transitive. Furthermore, g induces 



g : X t — > ; (X, F) ^ (det(g)X + /(», <?), F). (7.3) 

Og -action We recall the action of O3 given in Proposition 14.41 Let E/F denote the un- 
ramified quadratic extension. Let b = ag + (pbg + ircii G O3 with ao G n q 2_ 1 (C>E) and 

F x 

ai, & S fi q 2_ 1 (OE) U {0}. Then, 6 acts on iS q as follows 

* = ( x o, Vo) ^ ib ■■= (% 1 x ,a Q 1 y ). (7.4) 
Moreover, b induces a morphism 

x^x lb : (x,y)^(^ 9+1 )(x-(6 ^ 1 )^ + (ai^ 1 )0,sg" 1 (y-(5oS5" 1 ) 9 ))- ( 7 - 5 ) 

Let t := a + 7rai G T := (O b /7t 2 ) x C O3 . Then, i induces the following by (jT3j) 

X^X it : (X,F)^ (ao^^X + Caxao 1 ^),^ 1 ^. (7.6) 

Inertial action We recall the inertia action Ip given in Corollarv l6.2l Let LT^ be the formal 
0£-module over E ul ', with LT^ ® fc ac of height 1. Recall that we have chosen a model LT^ 
such that 

Mlt e P0 =irX-X q2 . 
Let TTi t B € LT^I^ 1 ] for i > 1 be primitive elements. We define 

a £ : J F -)■ 7| b ~ /l b -> (0 £ /^ 2 ) x ~ F* x F ?2 
by 

,j-t \ w \ \ f { cr ( 7r l.E)\ f ^1,E^(^2,e) - Ct(^1,e)^2,E 

° !-> (C(ct), A(o-)) = 
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Then, a 6 If acts on iS q as follows 

(x , 2/0 ) i-> «cr := (C(o-) _1 a;o, C(c) _1 2/o)- 
Moreover, cr induces a morphism 

X t ^X la : (X,Y)^(C(<T)-(« +1 )(X + A(a)0,y). (7.7) 

Let X be a projective smooth curve with an affine model X q + X = Y q+1 with genus 
q(q — l)/2. Then, we have dim Q t ) = q(q — 1). In the following, to investigate W, we 

prove some elementary facts on iJ 1 (X, Qj) in Lemma [7TT1 and Corollarv l7.2l 

Let X :— ker Tr F /p^. Then, the group X 3 a\ acts on X by (X, Y) h-> (X + ai,F). On the 

other hand, 9 £ acts on X by (X, y) h-> (X,QY). Therefore, we consider H 1 (X, Q;) as a 
Q;[X x /i g+ i]-module. 

Lemma 7.1. Let £/ie notation be as above. Then, we have the following isomorphism 

H^XMi)^ 4>®X (7.8) 

as oQj[Ix fi q+ i]-module. 

Proof. We have the following short exact sequence 

°^0^ H^(X\X(W g ),Qi) -> ^(^Qi) -> (exact) (7.9) 

V>ez v 

as a Q;[I x /i 9+ i]-module. 

Let C^(t) denote the smooth Q r sheaf associated to the finite Galois etale covering a q + a = t 
of A 1 9 i and a character ip € I v . Let IC x (t) denote the smooth Q r shcaf associated to the 
Kummer covering y g+1 = t of G m 9 i and a character x G Mg+i- Since Jf\X(F q ) — )• G m ; (a, s) h-> 
s 9+1 is a finite Galois etale covering of Galois group X x [i q+ i, the group ff^(X\X(Fg), Qj) is 
isomorphic to 

Hl{G m ,C^{t)®K x {t)) (7.10) 

as aQJIx ^ 9+ i]-module. Note that we have dim H^(G m , C^{t) ®K, x (t)) is equal to 1 if ijj / 1 
and otherwise by the Grothendicck-Ogg-Shafarevich formula. Furthermore, we have 

Hl{G m ,C^t)®1C x {t))~ ff c 1 (G m ,^(t)®K x (f))e0^(7.11) 

as aQJIx ^i f;+ i]-modulc. By (|7.9|) . (|7. lOf) and (|7.11|) . the required assertion follows. □ 

Corollary 7.2. Let X be a projective smooth curve with an affine model X q - X = y«(9+i) - 
Y q+1 . The group (a, () G ¥ q 2 x ^ q+1 acts on X by (X, Y) i-» (X + a,(Y), We consider ¥ q as 
a subgroup of F^ 2 by Tr F 2 / F<j . Then, we have the following isomorphism 

H^XMi)^ V>®X 

(V,x)e(FV \FV)x( At v +i \ { i } ) 

as a Qj[F g 2 x /Lt g+ i]-modMZe. 
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Proof. The curve X is a disjoint union of q curves {Xi}^ with an afhne model X q +X = Y q+1 . 
The set of connected components of X is ¥ q . Then, ¥ q 2 acts on the group ¥ q , according to the 
trace map. Hence, for a fixed io € F 5 , we have the following 

Wo i 

H l {X,Qi)-^/H \X io Mi) 
as a Q;[F q 2 x /j, g+ i]-module. Therefore, the required assertion follows from Lemma \7. II □ 

We set T := (Oe/~x 2 ) x ■ For a character w G T v , we say that w is strongly primitive if the 
restriction of tc to a subgroup ¥ q 2 ~ Ker (T — > F* 2 ) does not factor through the trace map 
Txf^/f, : ¥ q 2 — > ¥ q . Let r^ tp C T v denote the set of strongly primitive characters. In the 
following, for each w G r^ tp , we define a representation % w , which is called (strongly) cuspidal 
representation in |AOPS| 5.2] and [Onnj . Now, we fix an element ( G \i q 2 -\{0 E)\n q -i{0 >) ■ 
We fix the following embedding 

r := {O e /tt 2 ) x ^ G% (7.12) 
Co' + Co 1 



with a,b G Of/tt 2 . We identify V ~ F* 2 x ¥ q 2 by ao + a\ii M> (ao, (ai/ao))- For a character 
■0 G F^ 2 \F^ and an element C £ F g 2\F g , we define a character of N by the following 

C : N3 ( 1 + 1 ) ^^r^C + er-Cy + ^Y (713) 

Note that the restriction of ip^ Q G A v to a subgroup F 9 2 ~ T D N C A" is equal to '0. For a 
strongly primitive character u> = (x, 0) G T v ~ (F* 2 ) v x F^ 2 i.e. ip ^¥ q , we define a character 
w of TN = fj, g 2_ 1 (0 E )N by 

w(xii) = x(S)0f o (u) (7.14) 
for all x G n q 2_ 1 (OE) and u G A\ We set 

7T U , := Indp^(w). 

Then, is called a (strongly) cuspidal representation of Gf in |AOPSl Section 5.2], [Onnj . 
[Staj and |Sta2j . Clearly, we have dim ir w = q(q — 1). 



H := Go x T x I F C G. 



Let us set 

^2 x 1 X lp 

To analyze as a G-representation, we will investigate the restriction W\n in Proposition l7.3l 
To do so, in the following, for each w G T^ t , we define a H-subrepresentation W w C W|h- For 
a character -0 G F^ 2 and an element a G F 9 2, we write ip a G F^ 2 for the character x H > ip(ax). 

For i G iSqq , we write i = (a; ,yo)- Let ^ : T — > ^ g+ i;ao + aiir h-> a^ 1 . For xo £ A^+ii we 
denote by the same letter xo for the composite xo ° v S F v . Then, by (|7.ip and Corollary 17.21 
we obtain the following isomorphism as a Q ; -vector space 

(7.15) 

, C A X W,Xo)e(FX 2 \F^)x« +1 \{l}) 

2tO 00 

The isomorphism f|7. 1 5[) and the action of H on W induce the H-action on the right hand side 
of (I7.15|) . We write down the action of H on the basis {e^,/, iXo } in (17.151) below. By (|7.2p and 
(17.3[) . we have the following Gf -action 

G% 3 g- 1 : ei,^, X0 ^0g^-i (/(i,g))e i9 , Vfe __ 1 , X0 (7.16) 
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and the following T-action by (|7.6p 

°0 

where we set £ := XqJ/o — x oUo £ F* . Furthermore, we have the following /^-action by (|7.7[) 

(7.18) 

2 — l 

Now, we choose an element yoo £ H2(q 2 -i) such that j/g = — 1. For w = {ip,x) £ 
(F* 2 ) v xF^Ce F,2\F g and xo 6 f^ + i\{l}, we define a vector of VF as follows 

e C,xo := * (f l ) e (Cwoo,»o)^_ ((( , !)0(l) , + i (c ,_ 0) -i'Xo 6 W^- 
For w G r^_, we define a subspace of as follows 

Xoe^+i\{l}C6F,2\F, 

Note that we have dim W w = q 2 (q — 1). For q = ( a ° ai7T ^° ^ l7r ) g G£\ we obtain the 

V C + Cl7T d + c(i7r J 

following by (f7A6]l 



The element — /((CM2/oo,A«Z/oo)> <7)/(M2/oo) 9+1 (C 9 — C) does not depend on [i. If g £ N, clearly we 
have /((CMS/oo,M2/oo),flO = gj Cuyoo , M^oo) b Y G (Cm/oo, M2/oo) = 0- S ee Proposition ET3] for the 
notations. Hence, for g & N, (|7.19|) has the following form by (|7.13p 

Furthermore, by (|7.17p and (|7.18p . we obtain 

te£xo = w(*)Xo 'W^xo, ^xo - x(W(AW)e^» = ™ ° ^ W,xo ( 7 - 21 ) 

for t G r C O3 and cr G Zp. Hence, W m is a H-subrepresentation of W|h- 

Now, by decomposing the H-rcprcscntation W\u to a direct sum of irreducible components 
{W w } we r^ 1 we have the following proposition. 

Proposition 7.3. Let the notation be as above. Then, we have the fallowings 
1. The following isomorphism as a H-representation holds 



W w ~ttI®( © Xo'w) ® {wosl e ). (7.22) 

\ae^ +1 \{iy 



2. We have the fallowing isomorphism as a H-representation 



W r -©(<®( Xo 1 "') ®(«>°a B )). 



Xo£M^ + i\{l} 
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Proof. We prove the first assertion. We set Hi := TN xTxlpcH and := Qi^ xo C 
By (|7.19J) and (|7.21|) . the stabilizer in H of a subspace is equal to Hi. For t G p q 2_ 1 (0 E ) C 
T C Gf , we have te^ Xo = X~ 1 (i)e^ X() . Therefore, by ([7^0]) . the subgroup TiV C acts on 
via the character w in (I7.f4[) . Hence, by (|7.21l) . we acquire 

as a Hi-representation. Since Gf ^ H permutes the subspaces {W^}f e K 2 \f, transitively by 
(I7.19[) . we obtain the following isomorphism 

Xo6^ +1 \{l} \oG< +1 \{1} ' 

as a H-representation. Hence, the first assertion follows. 

The second assertion follows from the first one and the following isomorphism 

W| H - W w 

as a H-rcprcscntation. Hence, the required assertions follow. □ 



Let w — (x, ip) S r^. p . We define a -representation 

Pw :=Hom G F xlF (iT^®(woa E ) 7 W). 

Then, we have 

W~ ttI <g> p w <g> (t« o a E ) (7.23) 

™er 8 v tp 

as a G-representation. 

By combining Proposition 17.31 with some fact in the representation theory of a finite group 
in |BH[ Lemma 16.2], we understand W as a G-representation by the following corollary. 

Corollary 7.4. Let the notation be as above. Let U := Up /U% C T C G£ . ./Vote i/mf 
[/ ~ F,j2 . The additive character ip S F^ 2 is considered as a character of U. Then, we have 
the fallowings: 

1. The Og -representation p w is irreducible. Moreover, we have the following isomorphism 

Pw \ T ~ xo 1 ™ (7-24) 

Xo£<fi\{l} 

as a r -representation. 

2. We have the fallowings 

dim Pw = q, p w \ v ~ Tr ^( C ) = _ x (^) (7.25) 

for C e /V-iC^A/^-iC^)- 



Proof. The isomorphism (I7.24[) follows from Proposition I7.3[ and (|7.25[) follows from (I7.24[) 
immediately. Hence, it suffices to prove that p w is irreducible. Let H := Up /Up, C O3 be 
a p-Sylow subgroup of order q 4 . Then, we have U C H. By applying |BH1 Lemma 16.2] to 
the situation G = Jf/kcr rp,N = U/ker ip, we know that there exists a unique irreducible H- 
representation p of degree q such that p\u is a multiple of V>- Hence, by dim = q, the must 
be isomorphic to p, and hence irreducible. Thereby, we have proved the required assertion. □ 
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7.2 Analysis of ( ^ o)6Sl H\W% , Q,) 

Recall that, in subsections 13.41 and 13.51 we have shown that the following curves 

with each having an affine model a q — a = s 2 , appear in the stable reduction of X(ir 2 ). In this 
subsection, we analyze the following cohomology group 

W':= H\W}% Q Mi). (7-26) 
(i,j,yo)eSi 

Then, we understand W as a G-representation very explicitly in Corollary 17.91 The G- 
representation W' is related to ramihed representation of GL2(F) of normalized level 1/2. 
See 17.31 for a precise statement. 

Let Y be the smooth compactification of an affine curve Yq : a q — a = s 2 . In the following, 
to analyze W, we will show some elementary facts on H 1 (Y, Q t ) in Lemma 17.51 We have 
dim H 1 (Y,Qi) = q — 1, because the genus of Y is (q — l)/2. The complement Y\Yq consists 
of one point. Furthermore, we have H 1 (Y,Qi) ~ H^(Yq,Qi). The curve Yq is a finite Galois 
etale covering of A 1 of Galois group F g by (a, s) M> s. Then, we consider H 1 ^, Q ; ) as a Q;[F g ]- 
module. Let a be an automorphism of Yq such that (a, s) t— > (a + l,s). On the other hand, 
a group /U2(g-i) 3 & acts on Yq as follows /3& : (a, s) (->• (b 2 a,bs). Note that the automorphism 
group of Y"o is generated by a and /?& with 6 G fi>2(q-i)- See also |CM2[ Lemma 6.12] for the 
automorphism of the Artin-Schreier curve a q — a — s 2 . For tp G F^, let £^,(s 2 ) be the smooth 
Q r sheaf on A 1 defined by the covering lo and tp. 

We introduce the following elementary lemma. 

Lemma 7.5. Let the notation be as above. 

1. Then, we have 

H\Y,Qi)- 4>=-V 
^eFv\{ } 

as a Qi\¥ q ]-module. We write {e^j^gfv^Q} for the basis ofV above. 

2. Let b G /J-2(q-i)- F° r a character ip G F g and x G F*, we write ip x G F g for a character 
y i— > ijj{xy). Then, the automorphism /3t> ofYo induces the following action on V 

fib ■ &0 i->- c^, ! he^ b _ 2 
wif/i some constant G Q/ . Furthermore, we have c,/,,_i = 1. 

Proo/. Wehave^(Yo,Qi) — 0^eF v \{o} -^(A 1 , £,/,(s 2 )) as a Q z [F g ]-module. By the Grothendieck- 
Ogg-Shafarevich formula, we have dim if* (A 1 , £^,(s 2 )) = 1 and If* (A 1 , £^(s 2 )) ~ -0 as a 
Q;[F g ] -module. Hence, the first assertion follows. 

The second assertion follows from fi^a^ 1 = a b for any 6 G fJ-2(q-i) ■ The assertion = 1 
follows from the Lefschetz trace formula. Hence, we have proved the required assertions. □ 

By dim ^{W^Qi) = <? - 1, we have dim W = 2q(q - l)(q 2 - l) 2 . We set 
T := Si x (F 9 V \{0}) = F* xF,x P^F,) x * (^\{0» 
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Then, by Lemma 17.51 1 and the identification (Of/tt 2 ) x ~ x F g , we have the following 
isomorphism 

(7-27) 

((C.A).j'.j/o,-0)er 

as a Q r vector space. In the following, by the G-action on W', we consider the right hand side 
in (|7.27[) as a G-representation. 

In the following, we define G-subrepresentations W™ C W for a G F* and w G ((Of/tt 2 ) x ) v , 
and investigate a shape of W™ as a G-representation in Proposition 17.81 As a result, we un- 
derstand W very explicitly in Corollary 17.91 

Let w = (w u w 2 ) G ((0fA 2 ) x ) v - (F g x ) V XF, V ,^6 ^\{0}, C G F* , j e P x (F g ) and 
j/o G /^2((j 2 -i)- We define a vector of W 7 under the isomorphism (I7.27[) 

Then, clearly we have 
for any /ii G F* . 

We consider a set F* x /i2( 9 2 -i) and the following equivalence relation on the set: 

(C,2/o)^(C , ,yo)^(C , ,yo) = (^C,^o) 

for some fi £ F* . Let U := (F* x ^2(g2-i))/ ~ • Then, we have |W| = 2(g 2 - 1). We write 
[(C) Vo)] G U. For each a G F* , we set 

K« :={[((,yo)]eW|«-(V (5+1) }cW. 

Then, we have |/C„| - 2(g+l). For u> G {{O f /tt 2 ) x ) v , [(C,2/o)] G W, j G P 1 ^) and ^ G F^\{0}, 
We define ^Y£ lVo )] j ^ : — ( Qi e Cyoj ^ c ^ ms one -dimensional Q r vector subspace depends 

on (w, [(C,yo)],j,V) by (EH.' 

We fix a character ^ G F^\{0}. We set Ti := F* x ((CV/tt 2 )* ) v . Obviously, we have 
\Ti\ =q(q-l) 2 . Let (a,w) G 71. We write to = (toi.tifc) G ((0 f /tt 2 ) x ) v ~ (F*) v x F^. Then, 
we define a G-subrepresentation of W as follows 

:= C W. (7.29) 

[(C,ao)]e/c a iGP 1 (F g ) CieF , x 1 

Then, we have dim W™ = 2{q + l)(q 2 - 1). Then, by ([7T27] . we easily check the following 
isomorphism 

W'^ HQ" (7.30) 

(a,tu)G7i 

as a Qj- vector space. By the action of G on W', we consider the right hand side of (|7.30[) as a 
G-representation. Then, the subspace W™ is G-stable for each (a,w) G 7i- In the following, 
we will explicitly write down the action of G on • To do so, we prepare some notations. 

We fix elements (a, (w\ , 11)2)) G 71 and [(C, 2/o)] G /C a - Let £, a G ji q -i{Op) be the unique 
liftings of a G F* respectively. Let E/F be the unramified quadratic extension as before. Let 

a:=( 7r ° a ;)GGL 2( F). (7.31) 
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Of course, we have a 2 = ira. We set E\ :— F(a) C GL 2 (.F). Then, E% is a quadratic ramified 
extension of F. We choose an embedding 

Ei e -t D : ao + boa M> ao + boa 

for ao,6o £ -F- Note that we have a'/cp = C/Uo ( m °d </?)■ Let 

M 2 (F)Dlt:=(^ g;)3» u :=(;; £ ) , VR := 1 + *2 C GL 2 (0 F ) 

for n > 1. Note that il C M 2 (F) is a chain order and *Bu is the Jacobson radical of the 
order. See |BH1 Section 12] for more details. Note that is a compact open subgroup of 
GL 2 (F). The image of il and U£ under GL 2 ((9p) — > G% is denoted by il and U u respectively. 
Similarly, we denote by El the image of <D Ei C GL 2 (C F ) under GL 2 (C F ) ->• Gf\ The 
subgroup El U u C il is a normal subgroup and its index is equal to q — 1. Thereby, we 
have [Gf : Bl I7y] = a 2 - 1. Similarly, let El C C 3 X and C C 3 X be the images of 
Ei O e and Up C 0^ under the canonical map 0^ — > Cg respectively. Then, we have 

P% ■■0 X El U 1 D ]=q+l. 

Now, we describe the G-action on W™ ■ 



Go -action First, we consider the action of G? . Let q — \ a ° ai7T P } n ) G il X with 

1 Z \ Cl7T do + dl7T J 

a,i,bi,ci,di e ^,_i(Oi?) U {0} (i = 0,1). Let u> 2 : G^ — > Qi be a character defined by the 
composite of det : Gf -> (O f /it 2 ) x and (O f /tt 2 ) x ~ F* x F, ^ F, ^ Q ; X . Let b € M2(<f-i) 
be an element such that 6 2 = ao/rfo- Let [(Cj/q)] e Then, g^ 1 acts on as follows by 
Proposition 15.61 and Lemma T7.5I 2 

*i i ( a O^Q Cl) 

(7.32) 

By (|7.32l) . the quotient il X / '0 El V u acts on the index set £i £ F* of W™ simply transitively. In 

particular, let q = ( a ° ^ ai7r ^° ^ l7r ] g Q* Jj], C il X . Then, q~ x acts on WJf as follows 
^ V Cl7r a ° + rfl7r / 

by ((7321) and Lemma O 2 

Thereby, the restriction W^l^x 771 r,-, ,,, is a direct sum of characters. Let us define char- 
acters 

V,a : O^C/Ji ^ Q ; X : 5 ^ ^i(a )V'(a(7 1 (ci +6 a)). (7.34) 

and 

w 2 A w , a : Fl C7y Q ; X : g ^ K Wl . a {g)w 2 {g). (7.35) 



O3 -action Secondly, we consider the action of O3 on W™. Let b := a + </?&o + 7ra i € O3 

with ao € /i g 2_ 1 (Og) and ai,&o £ M 9 2 -i(C'b) U {0}. Let ui^ : O3 — > Q X be the composite of 

Nrdc/f : C 3 X -> (Of/7t 2 ) x and (OF/7r 2 ) x ^ F 9 ^ Q, X . Then, 6 acts on W™ as follows by 
Proposition 14.61 
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In particular, if b = ao + ipbo + nai E O E U D with ao £ /i g _i(Oi?), 6 acts on W™ as follows by 

b ■ e CCuvU^ " Mao)w?m c -i(Tr ¥q2/rq (b ^^^ (7.36) 
Hence, H^L-., t^x jji s -. x is a direct sum of characters. Let us define characters 

A£,„ : X Ei Ud Qi : b^ ^(iioM^/F.fo^lfo 2 *)C) (7.37) 

and 

: ->• C : & ^ ^(&X, a (6). (7.38) 

Inertial action Finally, we consider the action of inertia on W™ . Recall the following map 
in ([121) 

a Bl : i£ -> (OeJtt)* - F, x xF,;,4 (C(a), A(a)). 

Let w' 2 : (0 Ei /tt) x -> Q, x be the composite (O e Jit) x Nl '^ /F (0 F /7r 2 ) x ^ F 9 ^ Q, X . Wc write 
w' 2 o a^! for the composite of I El — s- 1 O e — > (0 Ei /tt) x and w 2 . Let 

a F : If -^O f ^ (O f /it 2 ) x ~ F* x F 9 

o- (Co(cr),A (cr)) 

be the reciprocity map in (|6.2[) . Let a £ If and k an element such that K 2q = 7r. We write 

o~(k) = Ci(tr)K with ClO 7 ) G / i 2g 3 (g-i)- Let the notation be as in Lemma 16.31 Then, er acts on 
W™ as follows by Lemma 15731 

Note that we have Ci(< 7 ) 2 = Co(c)- If o" € fe,, then, we have ((a) = Ci(cr) S and Co £ {±1}- 
Hence, in particular, er G Jej acts on W™ as follows by Corollary [631 Lemma 17751 and (|7.28|) 

° ■■ e Zc,y' ^ -i ^ Mt(°W2 ^M^i-yf'^aXiaX^el^, ^ _ 1 . (7.39) 

o 2 — 1 

Note that we have t/q 6 {±1}. Let us define characters 

K ua ■■ (<W*) X -> Qf = Co + A a H- ttfi(Co)V(2a^) (7.40) 

Co 

with Co € fJ> q -i(0 El ),Xa £ fi q -i(0 El ) U {0} and 

o a Bl : Ifg -»• Q, X : ^ o a Sl (a)A Wl , a o a £l (a). (7.41) 

Lemma 7.6. Let A mij „, a and A' w a be the characters defined in J7.ff^[ ), J7.g?| ) and J7.^0[ ) 

respectively. Then, we have the fallowings; 

1. The restriction A\ of A Wua to a subgroup El and the restriction A 2 of A® a to a subgroup 
O e factor through (0 El /ir) x . Moreover, we have Ai = A 2 = A' Wi a . 

2. The restriction of the character A wi a to a subgroup is given by g ^ ip(Tr(—(g — 1))), 

where Tr is the composite G 2 TlfS? O f /^ 2 c ™' F g . Similarly, the restriction of the character 

A^ a to a subgroup U D is given by b i-> ?/)(Trdp/^(— (6— 1))), where Trdo/F * s ^ e composite 

©3 Tl i^ cc Of/tt 2 c —>' F q . The restriction of A' Wl a to a subgroup x € U E is given by ip o 
Tr El/F (&(x-l)). 
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Proof. The required assertions are checked by direct computations. □ 
Remark 7.7. For the meaning of the above lemma, see |BH1 19.2 and 19.3] and [BHi 56.5]. 
Proposition 7.8. Let the notation be as in [Tlty , (TM\) , and (TJI^ . We set 

n Wia := Ind^ 2 x , (w' 2 A wl>a ), p w . a := Inc£ 3 x , {w$ A£ ), n' w := lnd El/E ((w' 2 A' Wua ) o a El ). 

1. Then, ir w ^ a and ir' w a are irreducible. On the other hand, p w ^ a is not irreducible. We have 
dim 7T w a = q 2 — 1, dim p WM = q + 1 and dim ir' w a = 2. 

2. The following isomorphism as a G -representation holds 

Proof. We set £ := {w' 2 A' Wia ) oa £l . Let t =/ 1 e Gal^i/F). Then, we easily check f ^ £. 
Hence, 7r^ a is irreducible. By Mackey's irreducibility criterion in [Sel Proposition 7.23], we 
check that tt w . a is irreducible. 

We show that p w , a is not irreducible. We consider the character (|7.38|) . For simplicity, we 

set w '. — w 2 A^ 1 a . The group O E is contained in the stabilizer of (D El U E in . We choose an 

element s 6 O e \O e U d . Then, we have w s (x) :— w(s~ 1 xs) = w(x) for x € O e JJ d . Hence, 
again by Mackey's irreducibility criterion, p w<a is not irreducible. 

We prove the second assertion. We consider the subspace W := ^[(c j/ )l C • The 

stabilizer of W in G is equal to Hi := O^JJ^ X O e JJ X d x 7^. Furthermore, we have an 
isomorphism by ((7331 . (1736]) and ((7391 

~ (w 2 A wua ) ® (w°A° ua ) ® ((i2^ li0 ) T "" 8 _1 oa Sl ) 
as a Hi-representation. On the other hand, by (|5.19[) , we easily check that W™ is a direct sum 

e e e ^[7ciCyo)UVv-i 

[(C,&o)]6/c (l jeiP 1 (F 9 )CieF 5 >! 1 

of subspaces permuted transitively by the action of G. Hence, the required assertion follows. □ 

Corollary 7.9. Let the notation be as in Proposition \ 7.8\ Then, we have the following iso- 
morphism 

W ' ~ <a ® Pw,a ® <,,„ 
(M),a)eTi 

as a G -representation. 

Proof. This follows from Proposition 17. 81 and (|7.30|) immediately. □ 
7.3 Conclusion 

As mentioned in the introduction, we investigate a relationship between our G-representations 
W and W 1 , and the local Jacquet-Langlands correspondence and the local Langlands correspon- 
dence. In the following, we often quote several facts from the book [BH . First, we briefly recall 
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the £-adic local Langlands correspondence and the local Jacquet-Langlands correspondence for 
GL 2 . For example, see |BH1 Sections 34 and 35]. 

Let G 2 {F, <Qi) denote the set of equivalence classes of 2-dimensional, semisimple, Deligne 
representations of the Weil group Wf, over Qj. See |BH[ p. 200 and p. 221] for more details. Let 
Ai{F, Qi) denote the set of equivalence classes of irreducible smooth representations of GL2(F) 
over Q;. See p3H, p. 212] for more details. 

We recall the ^-adic local Langlands correspondence in |BH[ p. 222 and p. 223]. There is a 
unique bijection 

LL £ : G 2 (F,Qi) -^A 2 {F,Qi) 

which commutes with automorphisms of Q ; . Furthermore, for any isomorphism l : Q; ~ C, the 
correspondence LL^ satisfies 

L( X LU(<7)\s)=L{ X <j\s- 1 -) 

e( X LL e (a) L , s, tp) = e{x<j\ s - ^, ip) 

for all a £ Q 2 {F,Q l ), all X & {F x ) v and all ip E F v . See [BHl Section 6] for L-function and 
local constants. 

Let A%{F, Qi) denote the set of equivalence classes of irreducible smooth representations 
of GL2(F) which are essentially square-integrable, over Q t . See [BH[ 17.4 and 56.1]. We write 
Ai(D,Qi) for the set of equivalence classes of irreducible smooth representations of D x over 
Q z . The local Jacquet-Langlands correspondence is a bijection 

JL : Af(F,Qi)^Ai(D,Qi) 
satisfying the appropriate trace identity. Sec BH, p. 334 and 56.9] and [?] for more details. 

unramifled case : We consider the G-representation W in subsection 1 7. II As in (|7. 23[) . we 
have the following isomorphism 

W~ irl ® p w ® x ° a E 

as a G-representation. 

Let x '■ ^ ~> Q; X be a character. In the following, we identify F x ~ Z x O f by x = 
tt v ( x 'u h-> (v(x),u). We also identify E x ~ Z x 0^ in the same manner as F x . Then, we 
define an irreducible and cuspidal representation n WlX of GL2(F) of level 1 in the following. 
The level means the normalized level in BH, p. 91]. First, we also write ir w for the inflation to 
GL2(Of) of the G.f -representation ir w . We extend ir w to a representation of F x GL2(0_f) by 
using x, which we denote by ir w <g) x- Then, we define tt w ,x := c — Ind^x gwcM ( 7Tw ® Then, 
Ttw,x i s an irreducible and cuspidal representation of GL2(F) as in |AOPS| 5.4]. We are able 
to construct n WtX m another way. Recall that we fixed the embedding T > Gf in f)T. 12|) . Let 
Umt be a compact open normal subgroup I2 + 7t"M2(Gf) C GL2(Gf). We inflate a character 
w (|7.14p of FN to OgUyx C GL 2 (F), for which we write w. Then, we extend w to a character 
w x of Jy X := E x U^ n by using x- We consider 7r° x := c — lad^t 3 ^' w x . We easily check that 

7r° x is isomorphic to 7r TOiX . The fact that the representation ^ x — Ttw, x is an irreducible and 
cuspidal representation is also verified by |BH| Theorem 15.3]. It is not difficult to check that 
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the representation tt w . x contains an unramified simple stratum. This follows from Definition 
?? almost immediately. Hence, by |BH1 Lemma 20.3], the representation ir WtX IS an unramified 
irreducible cuspidal representation in a sense of [BHJ 20.1]. (i.e. there exists an unramified 
character <fi ^ 1 of _F X such that tt w . x 4> ~ Tt w ,x-) 

Secondly, we define a smooth representation p wx of D x in the following. We have the 
reduction map —> Og . If this map is restricted to a subgroup O e U e , it induces a surjection 
O e U e y O3 First, we write p w for the inflation to O e U e of p w . Then, we extend p w to a 
representation of J E :— E x Uf) by using %, which we denote by p w eg) x- Then, we define a 
D x -representation p w ,x by 

Pw,x := c - Indj^ (p w <g) x). 

Thirdly, we define a 2-dimensional representation n' w of Wf in the following. Let w x be 
a character of £ ,x defined by x an d w. Moreover, let A be the unramified character of E x of 
order 2 as in BH, 34.4]. We write v E : Wf — > Z for the canonical map taking a geometric 
Frobenius element to 1. We set ||x|| := q~ VF ( x *> for x E Wf- We define n' w x by 

tt' WiX := || • \\-hnd E/ F{{Aw x )oa E ). 
See [BH, p. 219 and p. 222] for this normalization. 

ramified case : We consider the G-representation W' in subsection 17.21 Now, we recall the 
following isomorphism 

W '~ <a®/V«®<o 
(tu,a)eTi 

as a G-representation in Corollary 17.91 

As in the unramified case, we define representations of GL2(F), D x and Wf one by one. 
We choose a character Z — > Q*. First, we define a ramified cuspidal representation of GL2(F) 
of level 1/2. We inflate the character w 2 '■ G% — > Q/* to GL 2 (Of), and extend it to a character 
of GL2(F) by using x^ which we denote by Wz lX . We inflate the character : O e U u — > 

to O e C GL2(Of), which we denote by the same letter A Wl . a . Then, we extend it to a 
character of := E^U^ by using x, which we denote by A WliUiX . We set as follows 

t jGL 2 (F) . 

Recall the definition of the element a E il in (|7.31|) . Since — E E\ is minimal in a sense of 
BH, Definition 13.4], a triple (il, 1, — ) is a ramified simple stratum by BH, Proposition 13.5]. 
See [BH, p. 96] for a definition of ramified simple stratum. Since tx Wx ^ x contains (it, 1, — ), 
^wi,a,x * s an irreducible and cuspidal representation of GLi2(F) of level 1/2. Furthermore, 
^wi,a,x i s minimal i.e. l(7r WltatX ) < l{^ Wl ,a,x ( t ) ') f° r an y character cj)' of F x , where l(-) means 
the normalized level. We have l(w2 x iv WltatX ) = 1/2- 

Secondly, we define a smooth D x -representation. Let \' denote the character of Z defined 
by n h4 (— l) n x(n). We inflate the character w% '■ O3 — > Q* to 0^, and extend it to a character 
of D x by using x, which we denote by w® X ' We inflate a character A® ±a : El U D — >■ Q* to 
O e Up, which we denote by the same letter A^ a . Then, we extend it to a character of a group 
J E := E( U E C D x by using x', which we denote by A^ a x . See [BH, 56.5]. Now, we define 

Pw u a,x ■= C~ Ind J'i A w u a, x - 
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Thirdly, we define a 2-dimensional WV-representation. We innate the character W2 ■ 
(Of/tt 2 ) x —> Oh to Op, and extend it to a character F x by using \t which we denote by 
w 2, x - We i nna t e a character A' Wi a : (Og i /n) x —> Q* to Oj| , and extend it to a character E* 
by using x, which we denote by A' Wi a . By the local class field theory, we obtain the character 

Koi,a,x oa£ i : W eI — E i ■ For a P air (Ei/F'Kux^x)' tnere exists a character A of E* 

of level zero, which is defined in BH, 34.4]. We define 

n' Wl ,a, x := H • r^ Ind £i/-F(( AA U,a, x ) oa^J. 
Then, we have the following main theorem in this paper. 

Theorem 7.10. Let the notation be as above. 

1. Then, we have the following, for the unramified case, 

Pw, x = JLC^Vx): Kw,x = LL^(7r W)X ). 

2. We consider the ramified case. We set 

D i / / 

TTw.a.x W2,x 7: w 1 m,Xj Pw,a,x '■— w 2,xP w i> a >Xy ^to.a.x ' — W 2,x 7T ™l ,a,X ' 

Then, we have the following 

Pw,a,x — JL(7I"M),a,x)j ^w,a = LL^ (t^ w ■ 

Proof. We prove the assertion 1. The first (resp. second ) equality follows from the description of 
JL (resp. LL^) given in [BHl 56.6] and Corollary El (resp. [HH1 P-219 and p.223]). The required 
assertion 2 is proved by Lemma T7. 61 and [BH, 34,35] for LLf, and [BHl 56.5] for JL. □ 
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